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Engineering Steels Under Combined 
Cyclic and Static Stresses 


« 
By H. J. GOUGH,* LONDON, ENGLAND 


Tue Testinc Macuint 
NORMAL POSITIONS OF 
BRIEF description of the operating principles will be LEVER ARM AND SIDE ARMS 
WHEN SPRINGS ARE UNSTRAINED _ 
Pi given. 


centrifugal forces of unbalanced weights attached to re 


Cyclic loading moments are produced by the 


volving disks driven by a synchronous motor. The setting —y Sp ayn a Mn he 
angle, 6, between the vertical planes containing the loading arm 
and the longitudinal axis of the specimen, determines the ratio 
of the imposed cyclic bending and torsional moments. A sus- 
pensory spring system takes care of the inertia of the remaining 
vibrating and rotating parts. Initial deflections can be given 





independently to each pair of springs, which then impose on the 
specimen the required static bending and, or alternatively, stativ 
torsional] moment 





The principle of the loading system is illustrated diagrammat- 
cally in Fig. 1. The rear ends of each pair (right and left) of 
springs are held rigidly in a massive steel clamp which can slice 
independently vertically (and horizontally) in a casting attac hed 
to the base plate; these clamps can be locked in any desired rela- 
tive position corresponding to deflections, d, and d:, as shown in 
Fig. 1. The required values of d; and d, are preset very pre- 
cisely, using measuring microscopes and an accurate static cali- id 
bration ! 
Next, after setting the specimen to the required @ value, the , ,sewe Srewan ov cus Commun Sranes-Fascewe Tease 
lengths of the side arms shown in Fig. 1 are adjusted accurately Inc MACHINE 
so as to bring the disk axle back to an exactly horizontal position® 
co-axial with fixed headstock centers which provide a fixed datum Test MaTerRIAl 
line for the spring-loading system in relation to the base plate of = 
This was a nickel-chromium-molybdenum-vanadium steel 


BS Specification S65A for 65-ton nickel-chromium steel. Ti 


provide for future tests on full-sized specimens, a special 32! 


the machine 
The machine is then ready for use, the static be nding and, or 


alternatively, static torsional stresses applied to the specimen ‘ tl i] 
, 1 tor st was m: > this alloy steel nterest ats r 

being determined by the spring settings d, and d2, the ratio of . map . as Made of this allo eel An interesting metallurg 
. > : . t > of ortv-sever » 

f/q by @, and the actual values of f and q by the weights W andthe ‘ al investigation of one of the fo seven ingots forming the 

y . ‘ st has been pul “dl ( articuls once s mate- 

(constant) speed of the revolving disk. Fig. 2 shows the general °®* has been pu plishe i(4 Particulars concerning thi mate 

arrangement of the machine and Fig. 3 a side view rial are given in Table 1 The recorded tensile strength of 65 

1A paper on this subject was scheduled for the ASME Annual TABLE 1 PARTICULARS CONCERNING 865A STEEI 

Meeting in New York, N. Y., November 29, 1949. The paper con- re mical analy 

sists of two parts: Stage ! con bined fatigue stresses; cyclic bend- ! wulpbut 0.008 per cent. pho 

ing and cyclic torsior Stage 2 3.06 per cent; chromium 1.29 per cent; molybdenum 0.54 per 

cyclic torsion, static bending, and static torsion Since it is not pos- re vanadium 0.25 per cent 

3 > blish the e » paper and s > Os f . aterial Heat-treatment 

sible to publish the entire paper and since m st of the material of Tien tied Gs dtacteasd hen OR Oe C: temaeen 

it has been decided to deg C; air-coc 

limit the present account to Stage 2 An account of both stages is to clanical properti 

> ri Ir. Gough's Presidential »ss which will appear in > le limit of proportionality, tons per sq in 

be found in I ioug Presidential Addre rich will appea the mph ee heh og pute: mage Ngee 

Proceedings of The Institution of Mechanical Engineers (1949 \ mate tensile strength, tons per sq in 

more detailed account will be published later (3 


combined stresses; cyclic bending 


Stage | has been published previously (1, 2), 


longation at fracture (1 = 4 A), per cent 


? President of The Institution of Mechanical Engineers, and Engi- Reductic n of area at fracture, per cent 
neer-in-Chief, Lever Brothers & Unilever Limited oung’s modulus, B 10~* 


. Brinell hesdinese 4 number (2-mm ba!! 120-kg load 
1 Numbers in parentheses refer to the Bibliography at the end Torsional limit of proportionality, tons per sq ir 
of the paper Yield point in torsion, tons per sq in 

4A detailed description of the machine and its calibration will be a oe a ee Fup a ny ¢ Me in 
published elsewhere Modulus of rigidity 

5 The f | close adjustment of the axle height is effected by height Izod notehed-bar va 
and slip gages from an accurately machined surface on the upper 
e base plate : 

tons ‘ s the norn lue fi s stee 

Discussion of this paper should be addressed to the Secretar 64.8) ton is the normal value for thi teel, which 

ASME, 29 West 39th Street, New York, N. Y., and will be accepted possesses excellent ductility (67 per cent reduction of are and 


surface of th 


until Jr 10, 1950, for publication at a later date Discussion re notched-bar Izod value (90 ft 


1 ib The material exhibits a well- 
ceived after th ing date will be returned 


marked drop at the upper vield point of 61.3 tons per sq in 
Nore Statements and opinions advanced in papers are 
understood a lividual expressions of their authors ar : Pons Final machining operations on all the test specimens were made 
derstood as individual expressions ieir rs i t 


of the Society alte he rough-machined blanks had been heat-treated A 
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specime re shown i r 1 rh 
under cyclic reversed str s depender nt superimpose 
static stre inv value ind the u 
mate strer 

In the nt investigation in which two kinds of 
to be explore 


pose i stati ind shear, were 


+} f; 


ries of values of enc 


decided to build 


more 
bending ar 

The five 
corresponding q=0 
0 The maximum value of f, and q, select 
fatigue | its tk ( yvceies ol stress 
varied cyclically between zer d a maximum 
and torsior ( ectivels These | 


termined experimenta in the combine 


r t 
epeate 


vaiues wer 


Repeate 


ENGINEERING STEELS UNDER COMBINEI 


numbers of specim 


CYCLIC AND STATIC STRESSES 


q 22'/,, 11, and 0 rhe program built up ro these stati 
stresses is expressed schematica ly in Table wh of the nine 


squares, numbered in Roman numerals, 


series of com 
bined stress-fatigue tests in which the superin tatic stresses 


given by the headings of the jumns in 


which the ti ir square siti ‘ constant In 


each square sufficient iy 


specihed by astatemet ( f tho: ¢ test is numbered for 


e purposes 


E2 SCHEM Ic fF 


tLEPRESENTAT 1 THE TEST PRO- 
GRAM CARRIED Ol {E) 


IUT ON SOLID SPECIMENS (sf 





Superimposed static bending stress, tons per sq. in 


fi, = 3h 


14) fig = 0 


11) fig = @ 


34 
i 


29) fig 
> (24) f/9 
7 IV @sia=0 VN asi f 


= 14 
=4 
g@=0 VI (16) fig =0 


8) fiq=u a 10) fiq= @ 12) fig = @ 


Superimposed static torsional stress, tons 


Vill 


importance of the stress comb 


es I, V, and IX merited the full seri f five values of re 


represented by 
d bending stresses /reversed torsional st <8 In the re 


Inning Cases onsiderations of economy in the t 


esting time and 
ns led to smaller numbers, three for squares 


II and IV, two for squares IL, VI, VII, and VI 


Each of the twenty-nine separate fatigue lin nvolved was 
I 


determined, on one of the combined-stress-t . chines, by tine 
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usual method of endurance testing on a minimum bas 7 out. After the explanation of the previous table, Tab 
cycles. A trip gear stopped the machine when a sensible i ‘ be self-explanatory. It was considered unnecessary, fron 
occurred in the cyclic range of strain of the specimen | design considerations, to explore values of f, and g 
were thus stopped in the very early stage of fatigue cracki than 17'/, and 11 tons per sq in., respectively. In these 
b) Tests on Specimens Containing Discontinuities of : tests, except where otherwise stated, all values of f, q, /,, 
1) 


The three types* of specimen are as follows refer to nominal stress values, calculated in the usual way 


Hollow specimen’ having a drilled radial oil hole, Fig ut reference to the stress-concentration effect produced | 


t 
ely 


Hollow specimen having a transition fillet of smal ,  disecontinuits The latter will be discussed separa 
Fig. 4(c) 

Hollow specimen having six deep splines, based upon British RESULTS AND CONCLUSIONS 
Standard Specification, No. 46, Part 2, 1929, Table 14, U.K. Fit, 
Fig. 4(d 


On each type, the test program shown in Table 3 carried 


Solid Specimens Each indivi 
quoted reference number from Table 2 


Commencing with the influence of superimposed static 
f 1 1 } ’ 
A hollow form of specimen was adopted as representing a 1 ‘ of a similar and dissimilar type (bending and torsion) sing) 


P 
I 
a practical er ymponent in which such discontinui- in combination, on the fatigue limits under simple reversed 


approach t« 
thes are present rhe results y not be strictly cor 4 the ing and torsional stresses, the results merit detailed exan 
nace * See aed os mane 4 ‘k aod 1 ; a form” 8 they de termine the two-dimensional framework on whi 
effect is probably small. It is ld of combined stresses will be erected; for this purpose, Fig 
the reduction in strength due to the presence 


7 When under test, all specimer ntainit l y é t limit under simple r 1 bending stresses 


> has beer prepared Fig. 5(a) shows the effect on the fatigue 


mounted in the fatigue testing machine so that tl is of tl ole lay ig ey the ; 
exact in the vertical plane of t oax on © ra 
splined-shaft specimens were all 
through the centers of an opp« the influence 

liminary fatigue tests had, ‘ shown that fatigue » § t revert hending 
limit was obtained with the specimens mounted in . eversed bending 
position in which the vertical plane of the applied ber superimposing 


passed through the centers an opp l 
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SCHEMATIC REPRESENTATION OF TEST PROGRAM 
D OUT ON HOLLOW SPECIMENS CONTAINING ONE OF 
THREE FORMS OF DISCONTINUITY OF SECTION 





Superimposed static bending stress, tons per sq. in. 





0 





(3) fig= @ (4) fig = @ 
(11) f/q = 14 (12) filq = 14 
il (7) fiq =O IV (8) fig = 0 


per 6q. in. 
| 
| 
| qs 
! 


ll 


Superimposed static 
torsional stress, tons 


of +35.8 (test 2) and =34.5 tons per sq in. (test 3), a maximum 
reduction of 8.7 per cent only 

In Fig. 5(6) the reversed torsional fatigue limit is *24.0 tons 
per sq in. (test 4 
and 22'/, tons per sq in. reduces the fatigue limit to =22.0 (test 
5) and +22.2 tons per sq in. (test 6), 
8.3 per cent only. Thus the effect of superimposing quite high 


values of static stresses of the same kind is definite but quite 


superimposing static torsional stresses of 11 


a Maximum reduction of 


small, and this is an important characteristic from the general 
design aspect 

It would be idle to attempt to express in terms of stress only 
the shape of these 1/R curves for this material, for it is well es- 
tablished that the M/R relation varies both with the material 
under test and the type of applied stressing. With increasing 
values of M, the value of R diminishes, in general, much more 


ductile, nonferrous metals than with steels, and 


rapidly for soft, 





ONS PER SQ. IN, 


17-25 TONS PER SQ. IN. 
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9) 5 $ 20 2 30 3S 


J,= SUPER MPOSED STATIC BENDING STRESS —TONS PER SQ. IN, 


a 


@——@ Superimposed static torsional stress = © tons per sq. in 
o-- - »” ” » 11 ” ” 
= 22:25 ” » 


s—-—s > 2 ” 


MPOSED STATIC STRESSES 


STRESSES 


ed figures are the 


ENGINEERING STEELS UNDER COMBINED CYCLIC AND STATIC STRESSES 


SINGLY AND 
SOLID SPECIMENS 


reference t ers as state 


117 


more sharply under direct stresses than with flexural or torsional 


stresses for most metals and alloys; the shape of the static load- 
elongation diagram to fracture is also a factor. Nevertheless, as 


far as engineering steels are concerned, the effect of mean stress is 
much less than is often assumed 

As an extreme example, a series of tests (5) made on a dead- 
mild steel under cyclic direct stresses may be recalled; the results 
Fig Under the extensive 
stress ranges which yielded the six fatigue limits represented by 
the points A, B, C, D, EB, and F ! 


limit and yield point 
of the material were exceeded and the 


wre summarized in 6(a) series of 
the elasti« 
ultimate tensile strength 
very closely approached ; very considerable deformations of the 
specimens occurred. Yet, until the maximum stress of the cycle 
was nearly equal to the ultimate tensile strength, the drop in 
fatigue strength, although quite definite, was surprisingly small 


Neither the “Gerber parabola” nor the linear “modified Good- 


man relation’ predicts the fatigue resistance of this material 
In fact, one would not expect any such relation to have a general 
application even to the group of engineering steels. The result 
of a study (5, 6) of deformation characteristics of metals, using 
X-ray precision methods, leads to the conclusion that the total 
damage suffered is probably directly attributable to the com- 
bined effects of the applied range of stress and the damage caused 
to the crystalline structure by the deformation due to the maxi- 
mum stress of the cycle; the latter factor involves the stress- 
strain deformation characteristics of the material 

Thus, viewed against this background, it is not surprising to 
find that the present S65A steel, with its high ratio of yield/ulti- 


mate tensile strength® and especially when tested under flexure 


The values of the upper yield point and tensile strength of this 


material were, respectively, 61.3 and 64.8 tons per sq in 


@+t2»2 
y, 


‘@ ties 


PER SQ. IN. 


ONS 





“0 s 10 5 
9, =SUPERIMPOSED STATIK 
TRESS—TONS PER § N. 


——@ Superimposed static bending stress = 0 tons per sq. in. 
. , = 17:2 


te ” ”» 
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and torsion, shows relatively small drops in fatigue resistance 
under even very high values of applied static stresses of similar 
kinds 


In Fig. 5 the influence of dissimilar types of static stress, also 
of combinations of similar and dissimilar types, merit detailed 
serutiny Tests 1, 7, and 8 in Fig. 5(a) show the effect of im- 
posing static torsional stresses on the reversed bending fatigue 
limit; adding 11 and 22'/, tons per sq in. reduces the fatigue limit 
from *37.8 tons per sq in. (test 1) to =35.6 (test 7) and *35.0 
(test 8) tons per sq in., respectively, a maximum reduction of 
per cent only 

From Fig. 5(b) the effect of adding 17'/, and 34! tons per 
sq in. bending stress reduces the reversed torsional fatigue limit 
from +24 tons sq in. (test 4) to =20.2 (test 13) and +18.4 
(test 14) tons per sq in., or a maximum reduction of 23.4 per cent, 
an appreciable amount which is, in fact, the greatest reduction 
produced by iy combination of superimposed static stresses 

sset 


used in the investigation hese two series of tests mav be 


om- 


} 


pared with certain criteria which have been suggested 
Davies, Nimhanmimie, and Huitt® made some tests on mild 


steels and alloy steels to study the effect of static torsion super- 


o 


imposed on reversed bending stresses and obtained results which 


BENL 
MIT—TONS PER 


fitted closely to the empirical relation 


{= SEMI-RANGE OF 


+ 


. , » Pn ry $Q. iN, 

safe range of direct stress due to the cyclic bending , 7 
stresses 

corresponding syperimposed static torsional stress 

fatigue range under reversed bending 


Q ultimate static torsional stre 


) 


SO 


Fig. 6(b hows the toregoing expre 
the strength properties of the S65A st 


results of tests 1,7, and 8. The 


—TONS PER 


proposed relation. Hohenemser 
effect of static tensile stress 


sional stresses, using a mild ste« 


a 
«< 
Pre 
z 
Fr 
v 
G 
o 
re) 
S 
< 
= 
z > 
“ 
a 
" 
> 
al 


formed to the ellipse qu wlrant re 
c 
a Fatigue resistance of normalized mild steel under cyclic direct 
stresses (Gough and Wood 


b Effect of static torsional stress on fatigue limit under reversed 
where bending stresses (S65A steel). 


fatigue limit of eyeclie stre Q = torsional modulus of rupture = 57-3 tons per sq. in. 
superimposed static te tr ¢ Effect of static bending stress on fatigue limit under reversed 
ultimate tensile strengtl torsional stresses (S65A steel). 

q fatigue range under rever , only F = ultimate tensile strength = 64-8 tons per sq. in 

Y = yield point in tension = 61-3 tons per sq. in. 


t 


The conditions of the present test are not quite comparabk 


M N STRESS ON I AN 
static bending stresses have been employed in place of the st 


direct stresses used by Hohenemser and Prager As a matte 


interest, however, an ellipse quadrant has been drawn in 


6(c), through the point F, denoting tensile ultimate strength 
the bending ultimate strength of S65A is not determinate 
results of tests 4, 13, and 14 are shown on the diagram but el 
do not conform to the quadrant relation show: 


tons per sq in. torsion 
The remaining test data plotted in Fig. 5 relate to combir itigue limit from +37.8 to =20 Ft 


il reverses 


Ons per 
tions of superimposed static stresses of dissimilar kinds. In Fig reduction of 19.1 per cent or , 
5(a), tests Y and 10 show that adding torsional stresses of ¢ ther 1] r. 5(b) shows the same ger 
2'/, tons per sq in. to a previously applied bending stress of isclosed by 
17'/, tons per sq in. produces no appreciable additional reductio 
in the value of the fatigue limit under reversed | ! 


bending stresses 


® See discussion of paper by Gough and Poll 


lard (1) p. 66 
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Reviewing this complete series of results, one finds the data 
are satisfactorily regular and consistent and can be used reliably 
by interpolation, to deduce the safe range of reversed bending or 
inder required combination of 
superimposed static stresses within the wide limits investigated 


reversed torsional stress any 
Therefore that part of the combined-stress field has been sur- 
veyed satisfactorily for design purposes in regard to the S65A 
the same general trend of results would probably be ex- 
of this type 

or a combination, 


steel 
hibited by other high-yield-ratio alloy stee! 

The effect of the addition of one static =t: 
is quite definite and regular, but the amount of the reduction, 
caused even by static stresses which are high in relation to the 
The effect 


torsional 


ultimate strengths of the material, is relatively small 


of superimposing static bending stresees on cyclic 


stresses is more damaging than that of st:.tic torsional stresses 
imposed on cyche bending stresses 

We can now consider the results of those series of tests in which 
values of the static stresses are held constant and the fatigue 
strength is determined under various combinations of cyclic 
bending and torsional stresses 

There are three principal series in each of which the fatigue 
ranges have been determined for five values of f/g; these are 


shown in squares I, V, and IX of Table 2, the superimposed static 


stress system held constant during each series being: f, = 0, 
34! 


The cyclic-bending and shearing-stress 


f, = 17"/4, = ll 


« (series IX 


components of these 


q = 0 (series I (series V); f 


= 1 


r = 
iP “oe 


at the fatigue limits are plotted in Fig 
7(a 

l sing the method of least squares, the best-fitting ellipse quad- 
for each series of data; the corresponding 


I and IX. 


the ellipse-quadrant curve 


rant has been drawt 


ellipse arcs are also shown for series In series I the 


data conform closely t« the quadrant 
and the are are 


the better fit 


not widely separated, but the quadrant provides 


The results of this series, in which the mean stress 
of each kind of stress cycle has zero value, thus provide a further 
confirmation of the previous general investigation oi stage !,' 


L.e., 
that the f/q relation of ductile steels, when tested .n the form of 
specimens free from discontinuities of section, is represented by 
that the re- 


11) are in 


an ellipse quadrant. It wiil be seen from Fig. 7 


sults of series V, when static stresses (f, = 17'/«, q, = 
operation, are ilso closely represente i by the corresponding ellipse 
quadrant; it is unnecessary to show the corresponding ellipse are 
as this obviously cannot provide so good a fit to the test data as 
the quadrant 

The data of series IX (f, = 34! »q, = 22'/4) are 


irregular but, within the accuracy of these data, are satisfactorily 


somewhat 


represented by the quadrant. In this case the are and quadrant 


are not widely divergent and either curve could, without serious 
error, be said to fit the irregular data; but, in view of the weight 
that solid 


steels conform much more closely to the quadrant relation, it is 


of evidence now obtained specimens of the ductile 
justifiable to assume that, in this case also, the quadrant relation 
holds 

Thus a further and most important conclusion emerges from 
The effect of superimposing up to very considerable 
iffects the 


the f/q relation remains 


these tests 
values ot stati bending and torsional stress merely 


actual values of the “end points” 6 and t 


the ellipse quadrant. When these “end-point” values have been 


determined experimentally for any required values of f, and q 


the fatigue limit for any required ratio f/q is simply calculated, a 


fact which should be of considerable value for design purposes 


In fact, as reliable data regarding the M/R relations of many 


metals and alloys are already available in the literature, rational 


design of many engineering components should now be facilitated 
merely by using published data and the new principles now es- 


tablished 


ENGINEERING STEELS UNDER COMBINED CYCLIC 


AND STATIC STRESSES 


OF SHEAR 


EMI RANGE 


+o- 


TORSION — TONS PER SQ. IN. 


2 q¢ = SEMILRANGE OF SHEAR STRESS DUE TO 


~ 5 0 's 20 2 30 
tf =SEMI-RANGE OF DIRECT STRESS DUE TO 
BENDING — TONS PER SQ. IN, 





tu it 


s Test sections I, V, and 1X of Ta 
Ellipse quadrant 
Ellipse ares 
b Test sections Il and LV of Ta lk 
Elli quadrants 
Curve reproduced from Fig. 7(a), for comparison 
Supermmposep Static Stress on THe f/q Reva- 


S65A STee., So_ip SPecimens 


EFrrecT OF 
TION 


The foregoing discussion has included the results of all the tests 


shown in Table 2 with two exceptions—tests 28 and 29. Clearly, 


no definite conclusions can be drawn regarding the form of the 


f/q relations under the static stress conditions of series I] and IV 


as, in each case, only three fatigue ranges have been determined 


However, these results are worth a brief examination, and they 
have been plotted to give Fig 7(b 

An ellipse qu adrant has been drawn through each pair of end- 
In series II (f, = 17'/«, g, = 0), test point 28 falls 
well outside the relevant quadrant, which, therefore, provides a 


safe design basis, while in series IV (f, = 0,q, = 11 
It can certainly be said that, 


point values 


test point 29 
is very close to its predicted curve 
making allowance for small variations in the physical properties 
of the steel from batch to batch, there is nothing in these isolated 
tests to throw serious doubt on the general applic ibility of the 
ellipse quadrant to any values of f, and g, within the wide limits 
investigated 

Specimens Containing Discontinuities of Section. Each individ- 
ual test will be identified by the reference number 
Table 3 


(a) Effect of 8 uperimposed static stresses, singly and in 


juoted from 


combina 
The data 


sre li al hole 


tion, on the fatigue limits under reversed cyclic stresses 


relating to the tests made on specimens containing 


are plotted in Figs. 8(a) and (b 


In Fig. 8(a), the fatigue limit under simple reversed bending 


stresses is test 1 this value is slightly 


=16.8 tons per sq in 
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reduced to * 15.4 tons per sq u test 2), i.e., by 8.3 per cent, by The data relating to the fillet specimens have been plotted 
superimposing a static bending stress of 17'/, tons per sqin. The — similarly in Figs. 8(c) and (d As shown in Fig. 8(c), the fatigue 
further addition of a static torsional stress of 11 tons per sq in limit under simple reversed bending stresses is + 22.5 tons per sq 


(tests 3 and 4) to each of these conditions, produces no appre- in. (test 1), and superimposing a static bending stress of 17'/, 

ciable further reduction tons per sq in. (test 2) has no effect. The further addition of a 
'n Fig. 8(b) the fatigue limit under reversed torsional stresses static shearing stress of 11 tons per sq in. reduces the fatigue 

is *11.7 tons per sq in.; imposing a static torsional stress of to *20.6 tons per sq in. (test 4), or a total reduction of 8 

11 tons per sq in reduces this value, by 3.4 per cent only, to #11.3 cent Superimposing a static torsional stress only of 11 tons per 

tons per sq in. (test 7). The further addition of 17'/, tons persq sq in. apparently slightly raises the fatigue limit to 23.4 tons 

in, static bending stress has no appreciable effect, the recorded per sq in. (test 3), but this result must be due to slight differences 

fatigue limit being + 11.2 tons per sq in. (test 8). The effect of — in the material, and it can be assumed that this static stress has, 

adding a static bending stress of 17'/, tons per sq in. enly reduces __ in fact, no effect 

the simple reversed torsional limit from 11.7 tons per sq in In Fig. 8(d) the fatigue limit under simple reversed torsional 

(test 5) to = 11.0 tons per sq in. (test 6), ie 


u 


, by 6 per cent stresses is = 17.5 tons per sq in. (test 5). Superimposing tatic 
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shear stress of 11 tons per sq in. apparently raises the fatigue limit 
slightly to +17.9 tons per sq in. (test 7), which can also be ig- 
nored as a real effect. A static bending stress of 17'/, tons per sq 
in. reduces the fatigue limit to +15.8 tons per sq in. (test 6), 
while the eombined effect of imposing 17'/, tons per sq in. static 
bending and 11 tons per sq in. static torsional stress reduces the 
fatigue limit to + 14.9 tons per sq in. (test 8), or a total reduction 
of 14.9 per cent 

Lastly, in Figs. 8(e) and (f) are plotted the data relating to the 
splined-shaft specimens. The fatigue limit under simple reversed 
bending stresses, + 36.5 tons per sq in. (test 1) is slightly reduced 
i.e., by 4.7 per cent, by super- 
The further 
addition of 11 tons per sq in. static shear produces no further re- 
(test 4 
fatigue limit to 


to =34.8 tons per sq in. (test 2), 


imposing 17'/, tons per sq in. static bending stress. 


This shear stress acting alone reduces the 
(test 3), 


duction 
+ 34.6 tons per sq in a reduction of 
5.2 per cent 

In Fig. 8(f) the fatigue limit under simple reversed shearing 
stresses is reduced from + 12.0 tons per sq in. (test 5) to #11.5 
tons per sq in. (test 7), i.e., by 4.2 per cent, by superimposing 11 
tons per sq in. static torsional stress; and the further addition of 
17'/, tons per sq in. static bending stress produees only a very 
slight further reduction to + 11.3 tons per sq in. (test 8), or a total 
Adding 17'/, tons per sq in. static 


bending stress alone has no effect on the fatigue limit under simple 


reduction of 5.8 per cent 


reversed shearing stresses 

To summarize, these results show that in the presence of a 
radial hole, the effect on the fatigue limits under reversed bending 
or torsional stresses of superimposing static stress of either kind 
singly or both kinds simultaneously is small; the maximum re- 
duction in fatigue strength is 8.3 per cent. When a small transi- 
tion fillet is present, the effect of the superimposition is more def- 
inite, particularly on the reversed torsional fatigue limit, which 
The effect of 


superimposing the same values of static stresses on the model 


suffered a maximum reduction of 14.9 per cent 


splined shafts was extremely small, the maximum reduction in 
fatigue strength being 5.8 per cent. It will be seen, however, that 
these same forms of discontinuity are very sensitive to cyclic 
stresses, and this entirely different response to static and cyclic 
stressing is of the greatest significance to design; the majority of 
fatigue failures in practice occur at such discontinuities of con- 
tour or cross section 

It is convenient first to discuss the stress-concentration effects 
caused by the three forms of discontinuity before examining the 
form of f/q relation disclosed by the test data 

t Theoretical and actual effects of discontinuities on faligue 
strength 


1 Radial Oil Hole. The stress system and theoretical stress- 
concentration factor produced by the presence of a cylindrical 
hole have attracted the attention of many investigators using 
analytical, photoelastic, and strain-measurement methods. Many 
of the cases investigated relate only to thin plates subjected to 
simple stressing actions, but a consideration of selected investiga- 
tions has enabled approximate estimates to be made of values of 
K, which probably relate sufficiently closely to the present stress 
system and form of specimen as to afford a useful comparison of 
theory and experiment. As shown by Kirsch (8), under uniform 
tensile stress and at the boundary of the hole, two of the principal 
circumferential 


vanish, the third principal stress—a 


operating on a plane containing a diameter of the 


stresses 
tensile stress 
oil hole 

Cox (9), in the course of a general investigation into the effect 
of elliptical holes, has extended this case to that of combined 
direct stress and shear, and has shown that, when these stresses 


become reversed cyclic stresses, the analysis reveals that the 
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limiting condition for failure is such that the f/q relation should 
be an ellipse arc. Further, if fatigue failure occurs on the plane 
subjected to the greatest range of principal stress, then by the 
analyses of Kirsch and Cox, the fatigue cracks should be initiated 
at the boundary of the oil hole on a plane making an angle of 
4@ with a transverse section of the specimen. In the present 
tests the inclination of the trace of every fatigue crack at its point 
of initiation was measured and the agreement with the value of 
40 was so close that there is little doubt that the plane of fracture 
is as indicated by theory. 

The work of Kirsch and Cox relates to the assumed conditions 
of a hole having a diameter infinitesimally small in relation to the 
specimen size; other investigators have shown that the value of 
the theoretical stress-concentration factor, K,, is dependent upon 
the ratio of the diameter of the hole, d, to that of the specimen, 
D. The actual values of K, given by the analyses of Kirsch and 
Cox are not, therefore, directly applicabie, but consideration of 
the work of Frocht (10, 11), Wah! and Beeuwkes (12), Peterson 
and Wahl (13), Thum and Kirmser (14), indicates that the follow- 
values apply to the where 


ing approximate present 


d/D = 1/10: 


specimen, 


K, (reversed bending stresses) = about 2.5—2.7, say, 2.6 


K, (reversed torsional stresses) = about 2.0 


In the present specimens, the intersection of the oil hole with 
the outside surface of the shaft is rounded off with a small! radius, 
but this radius would not be expected to have any appreciable 
strengthening effect. Its value in practice is to remove machining 
burrs, as these would cause a definite reduction in fatigue strength 

For comparison of K, with the actual reduction in fatigue 
strength caused by the presence of the oil hole, the experimental 
values of the “fatigue-strength reduction factor,” K,, are listed in 
Table 4, 
numbers of Table 3 


where the figures in brackets refer to the test reference 
As K 


mentally determined quantities (fatigue strength of solid speci 


is obtained by dividing two experi- 
mens /fatigue strength of specimens with oil hole) each of which is 
subject to errors arising from small variations in material, which 
might occu 


may be cumulstive, large variations in K In spite 


of this, the values for each value of @ are remarkably constant, 
leading to two main conclusions as follows 
1 That the average value of K, for reversed bending stresses 


is about 2.25 and 1.95 for reversed torsional streases, with a fairly 


regular change between the end values. Comparison with the 
approximate values of K, (2.6 for bending, 2 for torsion) shows 
that the presence of the oil hole produces, in this steel, a reduc- 
tion in fatigue strength such that K,/K, = 86'/, and 97'/, per 
cent, respectively; the theoretical effect is largely realized 


2 That the value of K, is determined primarily by the applied 


FATIGUE STRENGTH REDUCTION 
SPECIMEN WITH OIL HOLE 


TABLE 4 FACTORS, Ky 





Superimposed Values of Ky (uncorrected) 
Static stress, 


tons per sq. in. 


6=0 |= 29:7 6= 531/60 = 75-9) 6 = 90 


Bending, Torsion, 
f, 


Js qs | 


a oe — —)—— = 
0 2-49 2:23 

| (9) 

173 a 2-42 
(10) 

0 25 
(1) 

174 2-62 
(4) | (12) 


2-05 


Average values 2:26 239 
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cyclic stresses and is not affected appreciably by the superim- andr is the average radius of curvature of its root. In the present 
posed static stress; a very important conclusion, even if one tobe case, d is 0.03315 in., and r is 0.0075 in., giving K, = 2.1. The 
expected from general knowledge of fatigue characteristics analysis relates to a long shaft free from restraint; the end re- 
' 7 - , , — str: resent in the combined stress specimens may tend to re- 

2 Small Transition Fillet. Nearly all the specimens failed simi- ee an ae ” K — » siiecsthioti penis 

: , uce the value of A 

larly, by a transverse crack situated at the junction of the fillet . po a sigs i , . K , Tabl 
: : . . » uncorrected experimental values of A, are listed in ble 6 
with the paralle! central portion of the test piece or slightly re- cata t wae _— ; , 
moved from that junction and within the fillet _ ‘TABLE 6 FATIGUE STRENGTH REDUCTION FACTORS 
By strain-measurements, photoelastic methods, and the use of SPLINED SHAFTS 





the electrical analogy, the work of Peterson and Wahl (13), 
Frocht (10), and Jacobsen (15) indicates the following approxi- Superimposed Values of Ky (uncorrected) 
atin Geteen of » ieee we fo; lacie seek static stress, 
mate values of the stress-conce ntration factor for the form and tons per 0q. in. 
dimensions of the present fillet specimens: aa jodinnnin . serpin etnias ctaiinniaiaseasiiaanits 
: Bending,| Torsion,|; @=0 |@=29-7|@=53-1|@=75-9| @=90 

K, (reversed bending stresses) = 2.1 





K, (reversed torsional stresses) = 1.6 


; 1-04 : 147 | 1:76 | 20 

The experimental values of K, are listed in Table 5. If the 1) (9) (14) (5) 

1:03 | 1-56 _ 1-66 
, 


average uncorrected values of A, for reversed bending and re- . 
versed torsional stresses are taken as 1.65 and 1.35, respectively, | he's | a 
or K,/K, = 78'/: and 84'/, per cent, the agreement with ap- (3) (11) 
proximate theory is not quite as close as with the oil hole. But, as ‘> Ao4 


when the oi! hole was present, the previous conclusion again a as a Se 
emerges clearly, that the effect of the superimposed static stresses Average values | 1-03 | 1-09 
is extremely small, the cyclic stresses being primarily responsible 


for the reduction in strength Under reversed bending stresses (@ ‘ the experimental 
values of K, are very near to unity, while the single result at 

TABLE 5 FATIGUE STRENGTH REDUCTION FACTORS, Ky: 9 = 29,7 deg also shows almost a complete absence of stress-con- 
FILLET SPECIMENS a ee oe eg ee : 2; pecs , 

as centration effect. This is in accordance with the observed nature 





Superimposed Val’ <s of Ky (uncorrected) f Oe Se _— &. Bet on enmistakable redu —_ in strength 
static stress, occurs at @ = 53.1 deg, and a greater one at @ 75.9 deg: under 
tons per sq. in. | reversed torsional stresses (@ 90 deg), the fatigue resistance of 
Bending, Torsion, e 9 =29-7|6 =53-118=75-9| 8 == 90 the material is reduced to, approximately, one half its intrinsic 
qs strength by the presence ol tl pil Comparison with the 


0 ; 1:77 upproximate value of A,(<‘ indicate the full theoretical 
. eftiect is ipproa ( 

17} rt) | _— 4 ‘ As with tl le and t t reduction in fatigue 
strength, caused by nuity, is primarily due to the ap- 
0 | il plied cyclic stressir mposed static stress has little, if any, 
17} 11 | effect 

The actual and comparative effec the fatigue strength of 
"Average satin sad T- the material caused by the three forms of mtinuity investi- 
gated the oi! hole, the fillet i“ i pli on this S65A ma- 


terial are shown in Fig. 9 where correct values of A, are 


? 


3 Six Splines. The case of the splined shaft is of very special ted. The corrections have been made by using values calculated 
interest When tested under reversed be nding stresses, theoreti on the assumptions that the f rel mn for solid specimens is the 
cally no stress-concentration eiTect is present; under reversed tor- ellipse quadrant, the ellipse arc throughout for the oil hole and the 
sional stresses, a marked reduction in strength should occur, _ fillet specimens, and a combination of the quadrant and ar 

somewhere between @ 0 deg and 6 = 90 deg. Therefore a which will be referred to later or the splined shafts All three 


marked change, of a discontinuous nature, should occur in the curves relate to series I of Table 3 wher 


method of failure and the fatigue resistance, not a gradual change ( Form of the f/q relatior 
as in the case of the oil hole and fillet Very definite visual evi- 1 Oi #H The: it } tend I (Table 3 
ole e results of the five tests of series ible ¢ 
dence of this was afforded by the method of cracking of the al . ! 
é = in which no static stresses were superimposed, are plotted in Fi 
specimens. All specimens tested at @ 0 deg and @ 29.7 deg, 10. The relevant eilip juad t 1 ir 1 throug 
se quadral ine ure irawn irougn 
i ! res t » of ¢ t ‘ 1 te of » spe ‘ sad 
en = y irrespective of the ~ ure and amounts of the uperim end points, are shown. Tests 13 and 14 seem to be irre 
yosed stati stresses, faile vy transverse fatigue cCKs ( 
vee ; , unaverse fatigue cracks which if this is ascribed to small variations in the material, the 
commenced at the crest of a spline and propagated, with slight re certain! les the | } 
: _ i ce uniy provides the best fit tor the 
deviations, on the same transvers plane But at @ 3.1, 73 to represent the f/q relation 
t th } i 
and 90 deg, every fatigue crack started at the inner corn : se f 
nains for examination the results of ser 
spline as « shear failure and followed that longitudinal dire h of which th igue-limi 
10f which three tatigue-limit 
for some distance bef d orating into a transverse 
xperimenta 
ture s 
: ompared, in Table 7, 
Cox (16) has made vties v of the torsion of ‘ 
ul haf ntainine tienen lad , he quadrant 
Initiorm shatts containing discon ulties, Including splines irawn through tl j Expr ng 
drawn through the experimer oints (pressing 
found that the stress-concentratic the inner corner of the result n terms of maximum she : nvenient W 
its rms of maximum sh ress is a convenien iy 
as . sent ras ite 8 nof rr sy n- * 
a spline, representing as it does a n : groove, is given, a} of making the comparison. The da it the are better than the 
proximately, by (1+ V d/r), where d is the depth of the spline quadrant. In two cases (tests 10 and the deviation from the 
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4 SMALL FILLET 
~*~ 
re? 


64 (Q=063) 


vad 


VALUES OF FATIGUE STRENGTH REDUCTION FACTOR, Ky 
z 


CHANGE OVER AT SOME VALUE 
OF 6 BETWEEN 297 ANO 53+ 


VALUES OF 6 —DEGREES (f/g = 2 cor é) 
Corrected values for test series where f; = g; = 0. 
a Ky-1 
Q = fatigue notch-sensitivity index = Roz 
= 





Approximate values of theoretical stress 


Discontinuity 
concentration factor, X; 


Reversed bending Reversed torsion 





Oil hole ; 6 
Fillet. ‘ , 1 
Splines . ; 0 





TIGUE-STRENGTH Repuction Factors ror Taree Forms 
or Discontinuity; S65A Steet 


are value does not exceed the accuracy of the determination; the 
Although 
conclusions are 


deviation is more serious, by 14 per cent, in the third 


more data must be obtained before definite 
drawn, tests 10 and 11 support the view that when static stresses 
are superimposed, the ellipse are represents the f q relation satis- 
factorily when the discontinuity is present 

2 Small Fillet. The five test results of series I (Table 3), in 
which no static stresses were superimposed, are plotted in Fig. 11 
One point (test 13 falls very close to the arc, tests 9 and 14, be- 
tween the two curves The ellipse are provides the better fit 
and a safer guide to design and may be accepted as a satisfac- 
tory relation. The intermediate points of series II, III, and IV, 
in which static stresses were in operation, are briefly examined, 
as before, in Table 8. The ellipse are is definitely the better fit 
and none of the deviations from the are values is serious. The 
ellipse are thus affords a satisfactory basis for dx sign even when 
considerable static stresses are imposed 


3 Splined Shaft. The five test results of series I (Table 3), in 
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TABLE 7 INFLUENCE OF STATIC STRESS: OIL-HOLE SPECI- 
MENS 











98-5 
| | } 

+90 | 100 | +992; 110 | 49:35 104 
| | | 

+7-7 | 100 | 49-42 | 122 | 48-76) 114 
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+86 | 100 | +9-38| 109 | 48-47 


Il: 
f, =174,¢,;= 0 10 
Ill: 
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IV: 
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‘ 6 - 10 n 
+f = SEMI-RANGE OF DIRECT STRESS DUE TO 
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Ellipse arc drawn through “‘end-points’’. 
—— -—— Ellipse quadrant drawn through ‘‘end-points’’. 
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Fic. 10) f/g Recation ror Spectmens Wirn O11 Howe 


TO TORSION —TONS PER SQ. IN. 


2g = SEMI-RANGE OF SHEAR STRESS OUE 
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tf = SEMI-RANGE OF DIRECT STRESS Que 
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Ellipse arc drawn through “‘end-points’’. 
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which no static stresses were in operation, are plotted in Fig. 12 
As discussed previously, the fractures showed that at values of 
6 = Oand 29.7 deg, and also probably up to some higher, and un- 
known value, failure did not occur due to the stress-concentration 
effect of the splined contour; hence, from all previous experience 
ofjductile steels tested in the form of solid specimens, tests 1 and 
13 should conform to an ellipse quadrant; the same value as 


FABLE 8 INFLUENCE OF STATIC STRESS: FILLET SPECIMENS 





Test Range of maximum shear stress at 
No. fatigue limit 


Series 


(see : - — 
Table Experimental Ellipse Ellipse arc 
3 quadrant 

ratio ratio tons | ratio 


tons tons 


+136 | 101 |412'7 | 94 


Il | 
ff: =174,¢g = 0 10 | +135) 100 
itl | 


+12:7| 100 | +147 


f,=17h,q =11 12 | £11-7| 100 | 4126 


| } ' 


f,=0, g=ll) Il 116 | £136 | 107 
Iv 


108 | 411-4) 97 
| 


TABLE 9 INFLUENCE OF STATIC STRESS SPLINED SHAFTS 





Test Range of maximum shear stress at 

No. fatigue limit 

(see - aa 

Table | Experimental Ellipse Ellipse arc 
3 quadrant 


Series 


tons ratio tons ratio, tons | ratio 


per per per 
sq. in. sq. in. 


fy =17h,q = 100 | 13-5} 102 | +149) 112 
III: 

f,= 0. 

IV: 

fs = 173,95 100 


qd + 100 | 4129| 94) +144) 105 


’ 


+143 106 


found for solid plain specimens, b/t a) mav reasona 
I 


bly be assumed. A portion of this quadrant is shown on Fig. 12 
and test point 13 is seen to fall satisfactorily near the curve 

In regard to the remaining test points 5, 14, and 9, the value of 
the end point tis, of course, given by the value of point 5, but, to 
compare these data with the corresponding quadrant and are, 
some value of 6 must be taken as the second end point through 
which to draw these curves. But no such second end point is 
provided by the test data, for, under bending stresses (cyclic and, 
or alternatively, static), fracture is not influenced by the discon- 
In fact, 
from 0 to 90 deg, two quite different kinds of fatigue damage are, 
In this difficulty, the only other end point 


tinuities of the section of the splined shaft as @ changes 


in turn, encountered 
available—test 1—has been used and a quadrant and an ar 
drawn in between this and test point 5 

The data of tests 9 and 14 fall between the 


two curves, with 


either of which they could be associated with small error Al 


previous tests on specimens containing a discontinuity have con 
formed to an f/q relation expressed by an are, but whether the 


shown in Fig. 12 is the correct one ce 


from the present tests 
If, for the time being and without prejudice to future more de 
nite findings, it is accepted that a portion of that are represents 


those tests in which failure occurs at the inner corners of the 


splines, the fatigue behavior of the splined shafts over the whol 
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4 
‘ 
Ol. HOLE NS 


ELLIPSE QUADRANT ™ 
FOR SPLINED SHAFTS \\ 


" . 
(P=30) tags V 
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tg =SEMILRAN 


tee 


5 to 1's 2a 30 
SEMI-RANGE OF DIRECT STRESS OVE TO BENDING——TONS PER SO IN 


° 
o+— 


Ss = ds; = 0 in all cases. 


The position of the radial line abc is arbitrarily chosen. It is merely 
known to lie somewhere between the test points 9 and 13. 
S65A Sre 


PrRoBABLE f/g SHAFTS 


Other curves assembled r genera nparison 


Fic. 12 


RELATION FOR SPLINED 


range is probably represented by that portion of the ar é 
tending from test point 5 to b, followed by an abrupt change 
‘ ellipse quadrant exte nding from c to tl 
Fig. 12 |} 
] ‘ 


that is established is that 


the portion of the “solid 


test point 1. The position of the radial line abe in 
been chosen quite arbitrarily All 
situated somewhere between tests 9 and 13 

4 much closer experimental and analytical study of this 
teresting practical case would be well worth while 


In these circumstances, an examination of the three isol 


results in which static mean stresses are in operation can have 


little real value but, to afford a comparison similar to that already 


leulated data of Table 9 


given for the oil hole and fillet, the ca 
recorded 
Test 10 practically falls on the quadrant, tests 11 and 12 fall 


intermediate between the quadr ant and are and are about 5 per 


from either curve. It mi rhaps, be considered 


cent only 


ontinuity did not fall into 
the respect that the 


surprising if this particular form of dis 


line with the groove, oil hole, and fillet in 


ellipse are affords a satisfactory design basis, but it will be ap- 


parent that the splined shaft is a very special case and, moreover, 


lear whi h ellipse are it is justifiable to adopt 


CONCLUSION 


the fatigue strength of an 


tig 
which the 


y be mentioned tha 


a splined shaft with its n ng member, in 
-is transmitted from one co nponen » the othe r, may De less 


than that of the splined shaft alone; the stress distribution in the 
two cases is quite different \ few experiments of this type have 


been made li 


ind give an ind ion « he different behaviors 
that may 0+ more work in this field is required 


The f/q « s, relating to the solid plain. the 


und the 


oil-hole specimens are also indicate assembly 
shows at a glance the relative reduction in fatigue ith caused 
bv the three forms of dis 


mtinuity 
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Some Experiments on the Interaction of 


Shock Waves With Boundary Layers 
on a Flat Plate 


By F. W. BARRY,? A. H. SHAPIRO,’ ano E. P. NEUMANN,* CAMBRIDGE, MASS. 


Experimental results are presented in the form of schlie- 
ren and interferometer photographs showing the inter- 
action of oblique shocks with laminar and turbulent 
boundary layers on a flat plate in a supersonic stream. 
The effects of variations in shock intensity and boundary- 
layer thickness were studied through a Mach number 
range of 2.0 to 2.5. A greater variety of shock boundary- 
layer interactions was discovered than had hitherto been 
suspected. The nature of the interaction was found not 
to be solely dependent upon whether the boundary layer 
is laminar or turbulent. A laminar layer proved to be 
more greatly affected by an incident oblique shock than a 
turbulent layer. With shocks the 
boundary layer was influenced far upstream of the point 
Injection of a high-speed air stream into a 


relatively intense 
of incidence. 
turbulent boundary layer altered significantly the manner 
of reflection of an incident shock. 


INTRODUCTION 


ECENT developments in aerodynamics, high-speed flight 
and propulsion, and fluid-flow machinery have empha- 
sized the need for an improved understanding of flow with 
Almost 


include shock 


velocities without exception 


and of 


supersonic Supersoni 


flow patterns waves, course boundary 


lavers near solid bodies. 
Prandtl’s 
which has been amply verified for subsonic flow, postulated that 


wiginal concept. of the boundary layer, a concept 
the potential part of the flow pattern is substantially independent 
of the flow in the boundary layer, so that the potential pattern 
Thus 


unless separation of the boundary layer occurs, friction has only 


and the boundary layer may be analyzed independently 


a secondary influence on the flow pattern outside the boundary 
layer 

When shock waves exist, it appears that viscosity may be of 
the flow 


may be 


primary significance in the determination of 


Both shock waves and boundary layers 


pattern 
thought of as 
semidiscontinuities in which viscosity and heat conduction play 
It is the between these semidiscon- 


a major role interaction 
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tinuities which, experiment has shown (2, 3), makes the boundary 


layer so important to the flow pattern as a whole. The large 


pressure gradients in the neighborhood of shock waves distort 
the boundary-layer flow. These distortions, which are propa- 
both 


conditions outside the boundary layer 


gated upstream and downstream, in turn influence the 
by means of expansion and 


compression waves generated by the disturbed boundary layer 
OBJEC! 

The general object of this investigation was to provide data 
on the reflection of an oblique shock from a boundary layer on a 
flat plate in a uniform, parallel, supersonic stream and, further, 
to determine the influence of shock strength and Reynolds num- 


ber on the nature of the interaction. 


Previous Work 


Feldmann, and Rott (3, 4 


transonic flow 


Liepmann (2) and Ackeret, studied 
the shock boundary-layer 


curved surface and reached similar 


Interaction tor over a 
conclusions indicating that 


With 


normal 


factor a laminar 


the boundary-layer regime is a critical 


boundary layer, lambda shocks, comprising a shock 


observed. With a turbulent 
rather than 


preceded by an oblique shock, were 


boundary layer, approximately normal shocks, 


lambda shocks, were observed. 


These investigations failed to make clear how the shock waves 
originated. Perhaps the shock configurations of Liepmann and 
of Ackeret, Feldmann, and Rott are 
transonic flow past curved surfaces, which suggests the possibility 
of the 
presence of the 
that 
Because 


characteristic of frictionless 


shocks from limit-line effects. Or perhaps the 


arising 


viscous boundary layer is responsible for the 


shocks, so without viscosity the flow would be 


shock-free 


nd of Mach number prior to the shock was possible, the inter- 


pattern 
no independent control of shock strength 


tation of the results was made correspondingly more difficult 


APPARATUS 


In the studies reported here, an attempt was made to avoid 
the difficulties of previous experimenters by designing the appara- 
tus so that the location of the shock, the shock strength, and the 


Mach number before the shock were all under control and could 


be varied independently 


The general arrangement of the 


apparatus is shown in Fig. 1. Flow conditions in the test section 


were steady, first, because of the atmospheric inlet, and second, 
because fluctuations in ejector performance were not transmitted 
upstream to the test section An oblique shock was generated 
by a wedge, 


varied For the 


the location and turning angle of which could be 


study of thick turbulent boundary lavers 


the shock was made to impinge on one ol the walls of the test 


section For the study of thin, laminar layers, a flat plate was 
supported in the test section, and the shock was made to impinge 
upon the boundary layer at various distances from the leading 
edge of the plate 

rhe results are presented in the form of schlieren® and inter- 


laken with the apparatus described in (5 
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Fic. 1 Scnematic Flow DiacRaM 


(The nozzle produced a reasonably uniform parallel stream in & square test 


section measuring 1.22 in. on each side.) 


ferometer photographs together with a sketch showing the au- 
thors’ interpretation of each flow pattern. 

Compression waves are indicated in the sketches by solid 
lines, expansion waves by dashed lines, and the edge of the bound- 
ary layer by a dotted line. 

The following data are given with each figure: 


(a) Reynolds number R at the point of incidence of the shock, 
based upon the free-stream velocity, density, and viscosity, and 
on the distance from the leading edge of the plate 

(b) Boundary-layer regime at the point of incidence of the 
shock. 

Wedge ingle 0. 


/) Orientation of the schlieren knife-edge 





SHOCK WAVES 


(e) Time of exposure 
(f) Free-stream Mach number M. 


ANALYTICAL CONSIDERATIONS OF REFLECTION OF a SuHock From 
a Bounpary LAYER 


Mathematical techniques for analyzing and predicting the 
complex flow patterns of the shock boundary-layer interaction 
have not yet been developed. Therefore some of the elements 
entering into the observed flow patterns will be discussed in a 
quali ative way 

‘Two simple theoretical solutions exist for the reflection of an 
When the 
shock is incident on a solid plane wall, a possible solution is the 


oblique shock in a parallel, uniform, supersonic flow. 


reflection of the shock as another shock, preserving the stream 
direction at the wall, as in Fig. 2(a). This configuration, which 
is impossible if the initial Mach 


number is too small or if the incident shock is too strong, because 


is called “regular reflection,” 


the maximum turning angle of a second shock is not sufficient to 
turn the flow direction back to that of the wall. It appears from 
various experimental data that the configuration then often takes 
the form of Fig. 2(b) in which the shocks are curved near the 
point of mutual intersection 

When the shock is incident on 


constant pressure, a possible solution is the reflection of the shock 


an interface or boundary at 
as an expansion Wave, preserving uniiorm pressure at the bound- 


ary, as in Fig. 2(c). This pattern has often been observed at the 


edge of a free jet. 
If an oblique shock is incident on a boundary layer or, more 
simply, on a region of parallel but varying velocity, the shock 
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lore, » 
yy layer will thicken in traversing the adverse longi 
tudinal pressure gradient Part of the resulting 


the reflected wavelets may in some circumstances 


be compressions and in others expansions, as 


illustrated in Fig. 3(6 
At least 


across the 


for example 


part ol the pressure rise occurring 


shock system will be present in the 


There 


subsonic portion of the boundary layer 


re, unless separation occurs, the subsonic sub 


streamline curvature away trom 


the 


incident shock ar 


wall might 


ecur upstream of the d gener 


ate compression Waves in the supe rsonic stream 
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Wirn Bounpary Layer 


The 


alesce 


ompression wavelets, in turn, might 


CO 
into a shock originating upstream of the 
point of incidence of the original shock, as shown 
in Fig. 3(¢ 

The 


ane WaLI 
subsonic portion of the boundary layer 
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cannot sustain large longitudinal pressure gradients such as oc- 
cur in the shock system. Near the wall, the longitudinal pres- 
sure gradient must be smaller than in the free stream, and hence 
lateral pressure gradients are likely to exist. The lateral pres- 
sure gradient is in turn associated with the streamline curva- 
ture arising from the general thickening of the boundary layer as 
it traverses the region of steep longitudinal pressure gradients 

It seems most probable that the pressure at A would exceed 
that at B (Fig. 3d) because the stream at A would have passed 
Such a pressure gradient 


through a shock of greater strength 
This 


will cause the streamlines to turn back toward the wall. 
streamline curvature will in turn produce expansion waves in 
the supersonic The where the pressure 
requirements for parallel flow are satisfied is not necessarily that 
of the wall, so that a shock shown downstream of the expansion 


flow. flow direction 


region may in some cases be necessary in order to have the down- 
stream flow parallel to the wall 

The wave patterns observed in the photographs, and discussed 
later, contain in various combinations the elementary configura- 
tions previously discussed. It will be seen that the interactions 
are usually very complex and that many different patterns are 
possible 


SHock From a Laminar Bounpary 


LAYER 


REFLECTION OF OBLIQUE 


Figs. 4, 5, and 6 show representative results for an oblique shock 
incident upon a laminar boundary layer 

Inspection of the illustrations re veals certain general features 
of the shock boundary-layer interactions. The boundary layer 
is thickened upstream of the point of incidence of the shock 
When the shock is strong, the thickening may generate oblique 
shocks upstream of the point of incidence, as shown in Figs. 4 
Also, for strong shocks the boundary layer may separate 
as Figs 5 and 


aul d 5 
from the wall upstream of the point of incidence, 
6 might indicate The reflection of the shock may take several 
In Fig. 4 the reflection comprises an expansion region 
5 and 6 the reflection com- 


forms 
followed by a shock; whereas in Figs 
prises a shock followed by a wedge-shaped expansion zone and 
ending finally with a second shock. The boundary-layer thick- 
ness in most cases decreases for a short distance downstream of the 
interaction zone, probably because of the expansion region pre- 
viously mentioned, and gives the appearance of a bump in the 
boundary layer near the point of incidence 

The effects just summarized are at least qualitatively in accord 
with the concepts illustrated in Fig. 3. 

As regards the effect of shock strength, it was found, as might 
be expected, that the magnitude of the interaction is in propor- 
tion to the shock strength. With small deflection angles, Fig 
4, the boundary layer is thickened only slightly, and the reflection 
is in the form of a weak expansion followed by a weak shock 
From the appearance ol the edge of the boundary layer, it seems 
that even with weak shocks the boundary layer becomes tur- 
bulent almost immediately following the interaction. 

With large deflection angles, Figs. 5 and 6, the boundary layer 
undergoes a very considerable thickening, both upstream of the 
point of incidence and near the point of incidence itself. In a 
few extreme cases, e.g., Fig. 6, the. boundary layer seems to lift 
from the wall rather abruptly at some distance upstream of the 
point of ineidence; at the point of abrupt thickening, the turning 
of the stream generates a shock which crosses the incident shock 
The reflection of a strong shock takes the form of a weak com- 
pression wave followed by an expansion region and ending in an 
oblique shock. It seems clear from Figs. 5 and 6 that not only 
does the shock make the boundary layer change from laminar to 
as judged by the apparent sharpness of the edge of the 
transition occurs 


turbulent 


boundary layer), but that in some cases the 
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upstream of the point of incidence. The illustrations also show 
the formation of a new laminar sublayer following the interaction 

Comparison between Figs. 4 and 5, as a group, and Fig. 6 
seems to indicate that the Reynolds number did not, in these 
tests at least, have any significant effect 
It might be noted here that for Fig. 6 the boundary laver was 
near transition, at least as judged by the Reynolds number 

The flow patterns and wave patterns of Figs. 5 and 6 illustrate 
how complex the shock boundary-layer interaction may be. The 
conditions represented by Fig. 5 were selected as an interesting 
flow pattern for which some additional results might be presented 
using the 


on the interaction 


Fig. 5(6) was taken simultaneously with Fig. 5(a), 


reference (5 Since 


light-splitting arrangement described in 
the schlieren knife-edge was horizontal for Fig. 5(a), this view 
and boundary 


other 


thus the laver 
hand, 


a vertical knife-edge 


shows lateral density gradients, 
is clearly evident. Fig. 5(6), on the shows longitu- 
dinal density gradients, corresponding to 


shows that both are in 


4 comparison of the two illustrations 


as to details of the Of course the one 


agreement flow patterr 
with the horizontal knife-edge shows the boundary-layer phenom- 
ena much more clearly and therefore is preferable for this kind 
of study. 

To illustrate a typical difference between a flash photograph 
Figs 5(a and 


The general 


'/my sec 


(5  10°* sec) and a time exposure 
5(c) which are otherwise alike, may be compared. 
features of these two photographs are the same, but much of the 
detail of the interaction is lost in the time « xposure because the 
camera records only the average of highly fluctuating conditions 


It might be queried whether a number of flash exposures a 


different times show the detailed pattern to change significantly 
with time. Several comparisons of spark photographs taken at 
different times with 


show that while the 


the same over-all flow conditions seem to 


flow is somewhat unsteady near the inter- 


tion, the details of the interaction are qualitatively constant 


nterlerogr 


Fig. 5(d) is an 


1 photograph corresponding to the 
5 5(b), and 5(c). An 
by counting the 


inter- 


schlieren photographs of Figs. 5(a 
permits quantitative interpretation 
or by 


lerogram 


fringe shifts from the condition of no flow superposing 


negatives taken first with flow and then without flow Fig 


5 shows lines of constant density ratio found from the inter- 
ferogram of Fig. 5(d), the air density in the fr upproach 


ing the wedge being used as a referen 


t two-dimensional shock 


rhe theoretical solution for an ol 
in a frictionless flow with an approach Mach number of 2.55 and 


lique 


a wedge angle of 15 deg yields a density ratio across the shock of 
The shock-w ive 


agrees with the 


shock-wave angle of 36.4 deg 


1.88, and a 
asured from Figs. 5(a), 5(¢ und 5(d 
to which the angle can be meas- 


angle me 
uracy 


The agreement as to density ratio, e.g., 


latter value within the ac 
ured in the photographs 
1.7 against 1.88, is only fair, according to Fig. 5(e 
The quantitative information supplied by the interferogram 
substantiates and amplifies the qualitative information supplied 
shows clearly the density 
in the boundary layer 
The 
, 


k seems to reach appre- 


by the schlieren photographs. Fig. 5 
rise (and, presumably, the pressure rise 
upstream of the point of incidence of the oblique shock. 
density downstream of the oblique shox 
ciably higher values in the neighborhood of the point of incidence 
than outside the boundary layer. Immediately downstream of 
the zone of interaction there is a strong expansion region, as 
shown by the rapid decrease in density 
REFLECTION OF OBLIQUE SHock From a TURBULENT BounDARY 
LAYER 

Typical flow patterns for a turbulent boundary layer of con- 
With a very weak 
affected only 


siderable thickness are shown in Figs. 7 and 8. 


7 shows that the boundary layer is 


sh ck, Fig ‘ 
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slightly and that the incident shock is reflected as an oblique 
shock 


8 shows that the incident shock bifurcates near the wall. 


With a relatively strong shock, on the other h ind, Fig. 
The 
thickening of the boundary layer produces a reflected oblique 
shock which originates well upstream of the point of incidence 
of the original shock 
shock generated in the boundary layer 


Both the incident shock and the oblique 
are reflected as oblique 
shocks at the ends of a short normal shock. What appears to be 
a slip line extends downstream from the intersection of the normal 
and incident shocks 
shock may be 


An expansion region and another oblique 
seen downstream Fage and Sargent (7), using 
Mach numbers up to about 1.5, also observed that a strong inci- 
dent shock bifurcates near a turbulent boundary layer on a plane 
wall 

For incident shocks of intermediate strength, a normal shock 
the Instead, 
shock generated upstream of the point of incidence crosses the 


near wall has not been observed. the oblique 


incident shock without a large change in direction. As in Fig. a 
the boundary layer did not thicken appreciably in passing the 


region of interaction 
3ETWEEN LAMINAR TURBULENT LAYERS 


COMPARISON AND 


Comparing the interaction of an oblique shock with a laminar 
ind turbulent boundary layer, respectively, it appears that on 
the whole the interaction is of greater magnitude for the laminar 
however 


ind the 


boundary layer. No special correlation was observed 
as to the relation between the reflected wave pattern 
boundary-layer regime 

that the effect of the boundary- 
other effects found by previous 
illusory Dr. H. S. Tsien has 
pointed out® that in the neighborhood of the interaction, she 


stresses in the be negligible compared to 


It seems worthy of mention 


layer regime noted here and the 


investigators may be in part 


uring 
boundary layer 


may 


pressure stresses and inertia effects. If this is so, the boundary- 


laver regime will affect the interaction phenomena only in a 


distribu- 
In this con- 


Mach number distribution 


secondary way, i.e., only in so far as the Mach number 


d by the 
be noted that the 


tion is influenc indary laver 


type ot tx 


nection, it might 


in the boundary layer depends not only on whether the boundary 


laver is laminar or turbulent but also on the longitudinal pressure 


In a verbal discussion 
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gradients and wall curvature associated with the surface on 
which the boundary layer had previously grown. 

In order to investigate this hypothesis, tests were made on a 
turbulent boundary layer by injecting a high-speed stream into 
it from a slit placed before the point of intersection of the inci 


dent oblique shock (8). Variation of the injection flow, and 


therefore of the velocity altered the character of the 


profile, 
T he 


suggestion of the importance of the velocity profile, at least for 


reflection considerably. results seem to confirm Tsien’s 


the turbulent boundary layer 
CONCLUSIONS 


The results of previous investigators showing a pronounced 
interaction between a shock-wave system and flow in a boundary 
layer were confirmed. However, the possible varieties of inter- 
action were found to be more numerous than was hitherto re- 
ported, depending not only on the boundary-layer regime but 
also on the curvature of the solid boundary, manner of origin of 
the shock, and shock strength. 

The present state of knowledge concerning the shock boundary- 
layer interaction depends almost exclusively or 
data, 
satisf. 


experimental 


rather than on mathematical formulation To reach a 


story understanding of these complicated phenomena will 
require the development of mathematica] techniques of analysis, 
necessary to achieve this 


vdditional experimentation may be 


but 
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Critical Load of Columns of Varying 
Cross 


By W. T. THOMSON,'! MADISON, WIS 


Section 


A method is developed for determining the critical load 
of a pin-ended long column of n different cross sections 
and lengths. For nm less than 5, the method results in a 
simple equation for the critical load. Specific examples 
for columns of 2, 3, and 4 sections are given, and experi- 
mental data are presented for comparison. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


l= length of ith section 

1, = moment of inertia of ith section 
y= z-co-ordinate at end of ith section 
y, = deflection at end of ith section 


slope at end of ith section 


P 
Vai, 
} = Young’s modulus of elasticity 
P = column load 
l = total length of column 
M, = applied moment at z = 0 


DEVELOPMENT OF EQUATIONS 


Fig. 1 shows a pin-ended column of n sections. The column is 
assumed to be long so that failure tends to take place by lateral 
instability rather than by direct compression 

Starting with the differential equation for the long column 


d*y =) 
dz? - ‘ 


and using the method of Laplace transformation, the solution 
can be written in terms of the point boundary conditions. Thus 
for the ith section the deflection is 


, 8in Br — Xi 


The foregoing solution enables one to write the equations fo 
the deflection and slope at any position 7 in terms of the corr 
sponding quantities at i — 1 


sin Bl, 


3 


at 
, ; 
ys’ = yi—1' cos A,l, 
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THOMSON—CRITICAL LOAD OF 


At the critical load, the ratio Ms/yo’ becomes equal to zero, 


reducing Equation [6] to 


At the other end i 
tain 


yx = Oin Equations [3 


8] 


Starting with Equation [7 
4} n 


and applying the reduction Equation 


2 times, we obtain the right side of Equation [8] and 


the equation for the critical load 


Criticat Loaps ror Speciric Cases 


By the use of Equations [8], [7], and [4], the following formulas 


for the critical load are derived 


n 
tan 8,/, = 0 


tan Bil: tan 8,/, 


n=4 


tan 84, 


1, tan Bole tan Bal, 


These equations are solved for the critical load in the following 
manner: Using Equation [11] as an example and letting ¢ = 8,/,, 


we have on rewriting 


Known 


When the 
that is 


‘olumn is specified, the ratios of 8, 


Bs I; 
B, Vi, 


Thus, by plotting each side of the equation against ¢, the critical 


load can be determined. In some specific cases the solution can 


be carried out algebraically as shown under illustrative examples 


GENERAL PROCEDURE FOR LARGE n 
When n is greater than 4, the equation for the critical load be- 
comes rather long and complicated, and a numerical] method of 
tabular computation somewhat on the order of Holzer’s method 
we start by 


for torsional systems is prefe rable. For instance, 


first choosing a value of 8,, which establishes y,/y,;' from Equa- 


: 
: tan Bl; tan Bl; 


COLUMNS OF VARYING CROSS SECTION 


tion [7]. Terms S:, 8s, etc., are then known from the relation 


8B: = 8, \/1,/I,, ete., and hence from Equation [4] ys 
ete,, are successively computed 


Va, V/V, 
The critica! load is established 
when Equation [8] is satisfied 


ILLUSTRATIVE EXAMPLES 


ney f 
column of 


load of a 


2, and the thi 


1 Determine the critical two-section 


rectangular cross section if |, = = / *kness ratio 


Ai/he = 2 


Solution: Writing Equation [10] in the form 


Bl 


tan - Bl = 


and substituting 


8 
tan 2.82 
>» 


A few tri 


ils result in the solution 


) 
J ‘ 


2° 2 Vi 
Pea = 1.05 (“") 


The critical load of a column of the same length with uniform 


0.608 


cross sectior I; 1s 


Thus the reduction in the critical load of a rectangu 


column due to cutting down half the length to half the 
thickness is 1.95/r? = 0.197 
2 Determine the critical load of a three-section column 


where the middle third is cut down in cross sect 


tp l 
By ‘i Vv = - 


Using Equation [13] and substituting the followin 
1 & 


ion in the ratio 


Solution 


quantities 


we ootain 


tan 2¢ 
”» ¥ 
an ¢ tan 2 
teplacing tan ‘ 
2 tan ¢ 


tan? ¢ 
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TABLE 1 RESULTS ON TESTS ON I 
h 
I 


Col 
no 


1 


he 

hi 
0.628 
1.59 


1 
2 


ha 
hi 


1 
1 


Bs 
Bi 
i/y ‘ 
2 wa 5 
3 Va s 
Nore 

P; = critical load of uniform column /;, Ll. 

1; = moment of inertia before reduction 


and solving, we obtain 
tan ¢ = 0.707 


l 
3 


Pee ; 
=~ = 0.616 
El, 
Pe = 3.43 ( ) 
Thus the reduction in the critical load, compared to a uniform 
column of the same length is 3.43/r? = 0.346. 
3 Showthatif, =~L=-4 =k /4, and 8, Bs = Bs = By, 


Equation [12] for four sections gives the critical load of a uniform 
column of length J. 


El, 
I? 


Substituting the given quantities into Equation 
tain the equation 


>} 


{12 


we ob- 


tan? B, 
3 tan? p, 
which on solving results in 
tan 


Pe 
El, 
Pa = o( 


El, 


2 


) 


EXPERIMENTAL VERIFICATION 


( 


Three experimental columns of clear Douglas fir (see Fig. 2), 
were built up to verify special cases of the formulas derived in 
this paper. 
l . < 6 ft, and the critical load of each was deter- 
mined before and after cutting. 


The approximate dimensions of each column were 


in 2 in 


The results are given in Table 1. 


The per cent error is not large when one considers the nonhomo- 
geneity of wood 


XOUGLAS FIR EXPERIMENTAL COLUMNS 


Per/P: Com- 
(theoreti- —Experimental— puted 
cal) Pi lb Per lb = Per Ib 
50*/« 5 
49'/¢ 
54/s 


Bs 
Bi 


1 
1 


0.346 
0.442 
0.197 


> 


No.! 
Fic 


No.2 


EXPERIMENTAL 


No.3 


2 LUMNS TESTED 


Co 


CONCLUSIONS 


he critical load of a pin-ended long column of n sections can 
e determined by the general method outlined in this paper. 
The tabular method is somewhat analogous to Holzer’s method 
for torsional vibration or Myklestad’s method for beam vibration 
in that a reduction formula relating the quantities at position i 
to that at position (7 For n less than 5, simple 
formulas for the readily obtained. Similar 
procedure can be applied to columns with other types of end 
fixity 


I 


1) is necessary. 


critical loads are 





Stress Studies on Piping Expansion Bellows 


By F. J. FEELY, JR.,? anp W. M. GORYL,* ELIZABETH, N. J. 


As a result of numerous and costly failures of the stain- 
less-steel bellows used to take up thermal expansion in the 
piping of petroleum and chemical processing equipment, 
a basis has been developed for designing these bellows to 
operate within reasonable stresses. A formula has been 
derived to show the total stress induced in the material as 
a result of the combined effects of pressure and movement. 
The validity of the approximations used in this formula 
has been verified by laboratory strain-gage measurements 
on an experimental! bellows. A relationship between sev- 
eral variables in the design of the disks has also been de- 
termined and serves as a basis for dimensioning them to 
achieve the most economical proportions. When this 
relationship is satisfied, the maximum permissible move- 
ment per disk can be obtained. This is shown graphically. 
Several supplementary formulas are given for determining 
bellows characteristics which may affect the design of ad- 
jacent piping. The problem of designing an expansion 
joint for high-pressure service is discussed briefly, and 
some preliminary laboratory data are presented on a com- 
mercial joint of this type. 


INTRODUCTION 


N petroleum and chemical processing plants where high- 

temperature low-pressure piping frequently is used, common 

practice has been to install flexible steel bellows to absorb 
the thermal expansion which, due to the rigidity of certain piping 
systems, cannot be taken up in deflection. These bellows, com- 
monly known as expansion joints, are built to a number of dif- 
ferent designs. This paper deals with joints which are con- 
structed by crimping thin stainless-steel disks into shallow cones 
which are resistance-welded together at their inner and outer 
edges. The details of a typical joint of this type are shown in 
Fig. 1. This figure also shows the size ranges and design condi- 
tions most frequently encountered in commercial applications 

Quite frequently, thermal movements can be accommodated 
by providing a bellows to act as a hinge in the piping. Fig. 2 
illustrates a typical commercial construction of this type com- 
monly called a hinge joint. Other joints combining the features 
of both rotation and axial movement are known as universal 
joints. An example of this design is shown in Fig. 3. 

Joints of this design were used extensively in fluid-catalyst 
cracking plants built by Standard Oil Company (New Jersey) 
which have been in operation since 1942. In these units, expan- 
sion and hinge joints are utilized in large-diameter piping (24 
in. to 72 in.) carrying oil vapors and flue gas at temperatures 
ranging from 900 to 1100 F. A considerable number of failures 
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Be_Ltows-ELemMent Fat NATURE OF ¢ 


have occurred in this service owing to the formation of cracks ir 


th The « 


he disks 
us is shown in Fig. 4 


wcks usually run circumferentially in the disks 
Microscopical examinations of failed disks led to the conclusion 


that the cracks resulted from the material being subjected to 


acidic corrosion in the presence ot high stresses It was also 
recognized that this corrosion occurs only during periods whe 
the plants are shut down, and the piping and joints are cool 
During these periods, weak acids are formed from various cor- 
rosive compounds dissolved in condensed purging steam. Since 
little could be done about these conditions, attention was given 
to the question of stresses in the disk material resulting from the 
pressure and movements to which the bellows are subjected. It 
was then found that no information was available from manu- 
facturers on the magnitude of these stresses or the factors affect- 


ing them. 
LABORATORY Stress DETERMINATIONS 


In order to secure information on the magnitude of the stresses 


set up in an expansion joint, laboratory tests were made on a 


typical expansion bellows subjected to pressure and movement. 
Description of Equipment. The joint tested was of the uni- 


versal type consisting of two bellows, each having ten stainless- 


steel disks 0.052 in. thick and 2.50 in. wide. It was rated to 
take 4 in. axial compression as an expansion joint or 4 deg 53 min 
ingularity per bellows as « hinge joint The design pressure was 
25 psig 


A total of 34 SR-4 


disks in such a way that the directions and magnitudes of all pri- 


sin. strain gages were cemented to the 
mary and secondary ant cipated stresses could be determined, 
and their uniformity checked. This was done by placing pairs of 
gages 
edges of disks as well as midway between the welded edges 


(one radial and one tangential) along the inner and outer 
Gages were located on both sides of the disks and at 90-deg 
intervals around the circumference of the joint. 

Figs. 5 and 6 show the joint set up in the testing apparatus 
with all strain gages attached. In Fig. 5 the joint is shown 
mounted in a laboratory tensile-testing machine which was used 
to produce the axial compression and also to maintain the desired 
face to face when internal pressure was applied. Fig. 6 shows the 
arrangement used to measure the effects of angular movement. 

Tests and Results. The 
double cycle of axial compression and release over the full range 


first test performed consisted of a 


of 4 in., during which readings were taken at approximately 


l-in. intervals. The greatest strains were measured on the radial 


gages adjacent to the resistance welds. These strains were as 
high as 7000 microinches per in. which, if a modulus of 28.5 & 10* 
psi is assumed, would mean indicated stresses of approximately 
200,000 psi yssuedoelastic limit of the 18-8 Cr-Ni 


Since the 
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A bee caanentn mann 


Fie. 5 SHown IN TesTING 


ATTACHED 


EXPERIMENTAL EXPANSION JOINT 


Macuine Wrrn Srrain Gaces 


6 EXperRIMENTAL JOINT ANGULAR-MOVEMENT 


SET 4 OR 


disk material is less than 15,000 psi the int obviously was being 


stressed well into the plastic range. This was verified by the 
failure of the joint to return to its initial length after the applied 
forees were released. Circumferential stresses were found to be 


small enough to be negle cted 

The next test consisted of loading the joint in a vertical posi- 
tion with lead weights in 50-lb increments until about 650 Ib 
were applied. This produced a movement of 0.754 in., of which 
0.118 in. remained as permanent set when the load was removed 
The 


seen that there is a straight-line relationship between compressive 


results of this test are shown in Fig. 7 from which it can be 


force and joint movement in the range covered. No strain-gage 
readings were taken during this test 

Strain measurements were then taken as the joint was rotated 
In this test, strains were measured at 
the 


and compression sides as the bellows was rotated by a force on the 


through the design angle 


corresponding points of maximum movement on tension 
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Readings were taken at movements of 2 deg 26 


extended arm. 
When the weight was released from the 


min and 4 deg 53 min 
arm, the bellows did not return to its original no-load position, 
thus again indicating a permanent set in the disk material. The 
maximum indicated stresses for this type movement, however, 
did not exceed about 50,000 psi, or somewhat less than one 
This 


test confirmed the belief that hinge joints were more conserva- 


quarter the values obtained in the axial-compression tests 


tively rated than expansion joints, a belief which had been based 
on the excellent service record of hinge joints as compared to 


expansion joints 














COMPRESSIVE FORCE , POUNDS 











ae 0.6 ae 
TOTAL JOINT COMPRESSION, INCHES 


Actua Expansion-Jornt Com- 


Force 


CuHeoreticaL Versus 


PRESSIVE 


A final series of strain-gage readings was taken as the joint 
was subjected to internal air pressure of 25 psig while being 
Because of some distortion 


restrained from axial moveme,t. 


of the bellows during the previous tests, it was necessary to apply 


pressure several times before the strain readings indicated by 


the various gages became reasonably uniform at similar locations 
The results of this test indicated that the stresses due to the 25- 
psig pressure were generally less than 15,000 psi or reasonably 


near the elastic limit of the material 


APPROXIMATE THEORETICAL FORMULAS 
Basic Stress Equations. To establish a basis for further studies 
of expansion-joint stresses, a theoretical analysis was made 
As a first approximation, the disks were assumed to be flat plates 
thus neglecting the slight coning introduced for ease of fabrica- 
tion. Following a remark by Timoshenko’ and studies on circu- 
lar plate stresses by Wahl and Lobo,‘ the disks were considered 
as beams, since for most commercial joints the diameter is large 
in comparison with the disk width 
Inasmuch as the disks are semirigidly held by welding at the 
were treated as fixed-end beams 
Two loadings are then assumed. The loading due to internal 
and the loading due to expansion 


inner and outer edges, they 


pressure is shown in Fig. 8(a), 


+**Theory of Plates and Shells,"’ by 8. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, p. 68 

‘Stresses and Deflections in Flat Circular Plates With Central 
Holes,"’ by A. M. Wahl and G. Lobo, Jr., Jounnat or Appiiep 


Mecnanics, Trans. ASME, vol 1930, p. A-29 


STUDIES ON PIPING EXPANSION BELLOWS 


b) DEFLECTION LOADING 


Fic. 8 Beam Concept Apptieo To Disks or Exransion Be_tows 


or compression is shown in Fig. 8() Equations for the stresses 
resulting from these two loadings are then derived using normal 


beam theory 
In these equations the following nomenclature is used 


S, = stress due to pressure loading, psi 
Ss = stress due to deflection, psi 

S, = total stress in disk material, psi 
p = internal pressure, psig 

L = Free disk width, or distance 


welds on a disk, in 


between inner and outer 
= disk thickness, in 

= Young's modulus of disk material ps 

= deflection per disk, in 


= mean diameter of disks, it 


teferring to Fig. 8a) for pressure loading, the end moment is 


where g, the load per unit length is 


q=f Dp 


where the moment of inertia is 


Substituting for M and /, we have 


pL? 


>p2 


teferring to Fig. 8(+), for loading due to deflection, we can 
assume a force F, and a moment, M, to keep the end horizontal 


The slope at the end will then be 


MoL FL? 
El 2E1 


FL 
= Oor M, = : 


Also the streas is 
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Again, substituting for M,) and J, we have 


@ 3FL 
ae @ Dit 


The deflection at the enc will be 


3 FL’ 
~ SEI 


FL* 
12E] 


ML? 
2EI 


Substituting for J and eliminating F between the last two results 


3Ehé 
L: 


Since at some point these stresses are always additive, the ex- 

pression for total stress in the disk material is 
3Ehi | L*p i 
a ae 3 

An exact expression for the disk stresses was also obtained by 
combining several fundamental cases for which solutions had 
been worked out by Wahl and Lobo. This exact solution is very 
similar in form to Equation [3], but contains coefficients which 
must be computed for various joint sizes. Most commercial 
bellows, however, fall within a size range which is covered with 
sufficient accuracy by Equation [3]. Variations between theo- 
retical and actual values will be discussed later. 

Useful Supplementary Equations. In some instances, the force 
exerted by a joint in compression or extension may be critical 
in the design of the adjacent piping. An expression containing 
this force was obtained in the last step of the derivation of the 


deflection stress equation. This expression is 


x EDh 
) 
L’ 


For a bellows containing N disks, this force becomes 
p EDh* 
=f 
L®N 
whe re 
P compression or extension force, lb 
e = total axial movement, in. 
\ number of disks 


In the case of hinge joints where angular motion is involved, 
the deflection of the disks is calculated from a geometric relation- 
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ship between the sine of the angle and the diameter of the joint. 
This is shown in Fig. 9. 

Thus by substituting the value of 5 in terms of joint angularity 
in Equation [3], the following expression for stress in a hinge 
joint is obtained 


3Eh D 
L? 2N 


where 


6 = joint angularity, deg 


The maximum deflection in a hinge joint, however, occurs at 
only two points 180 deg apart, while the intermediate positions 
of the disks are deflected and stressed to a lesser extent 

To determine the moment necessary to rotate a hinge joint, 
the deflection forces which vary around the circumference must 
be multiplied by corresponding moment arms and integrated 

From the derivation of Equation [2], we have 

FL : é12E/] 
or 


12E] oe) a 


Referring to Fig. 10, consider the elemental force df at 


location on the joint. Then 


Ls 


Also from Fig. 10 it can be seen that 


Substituting we have 
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ERh® cos ¢d@ 
Lt 


Multiplying this force by the moment arm RF cos ¢ to determine 
the elemental moment dm we have 
_ ER*h 


im = 0 cos* 


L 


odg 


Integrating over one quadrant of the joint 


ER*h «x 
L } 


Since the moment necessary to rotate a complete disk will be 
4 times m, and since the total hinge-joint moment will vary in- 


versely with the number of disks we have 


ER*h ” 


M 
L N 


From Fig. 10 it can be seen that 4 = R sin @ 


Therefore 
ER*? « 
M = sin 6 

L \ 

moment necessary to rotate one quadrant of a single disk 
hinge joint through angle @, lb-in 
M = moment necessary to rotate a hinge joint through angle 
0, Ib-in 

R = mean radius of disk, in 
do = 
df = 
dm moment to deflect small section of disk, Ib-in 


angle subtending small section of disk, radians 


force to defleet small section of disk, lb 


and Theoretical Results. The 
laboratory stress data obtained on the experimental joint were 
checked 
equations. 
ing Fig 7, for « xample, illustrates how close this agreement Was 


Comparison Between Laborator 


against theoretical values computed from the stress 
Good agreement was obtained for all types of load- 


for calculated values of compressive force compared with the 
actual weights applied in the laboratory to compress the joint 
a given amount 

It is actually quite surprising that the theoretical work checked 
s closely as it did in view of the approxima- 
ms in disk thickness, 


stresses introduced by the resistance welding, and 


the laboratory data a 


tions ma the analysis, some variat 
the effect 
the fact that the joint was frequently stressed beyond the elastic 
limit These variations between theoretical and actual condi- 
tions revealed themselves in rippling of the outer edges of several 
disks when the joint was compre ssed to any great extent 


DEVELOPMENT OF Optimum DesiIGn 


determination of 


While the 


stresses in existing joints, they did not offer any practical solution 


basic equations permitted the 


to the expansion-joint problem, since it was found that the exist- 
ing joints were so highly stressed that approximately 10 times 
as many disks would be required to reduce the stress due to move- 


ment to a reasonable value. Furthermore, as shown in the 


tests, the pressure stress alone for a typical joint was 


laboratory 


essentially equal to the elastic limit of the material 


‘ccordingly, an analysis of the basic formula was made to de- 
termine the effect of variations in the physical dimensions 
Joint Dimensions. The most 


joint design revealed by this analysis is that there is an optimum 


Optimur important feature of 
relationship for the dimensions of the disks (1 and h), which will 


erm 1@ Maximum movemen ora iven pressure and a lowa- 
t tl mum I ment for a given pr lal 
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ble stress. This optimum condition is found by solving the basic 


Equation [3] for 6 
» Ls l 
a, 19 ——|. 
2h? | 3hE 


If 5 is then differentiated with respect to L, then 


Pan i tpl? | 1 
=| 2S,L 
a | 


P, and h are considered constants In this differentiation 


2h | 3hk 


S,, E 
since they are dependent upon service conditions, suitable mate- 
rials, and manufacturing facilities. By setting the differentiated 
equation equa] to zero and reducing, the optimum reiationship 


is secure d 


By designing a joint to satisfy this equation, the maximum de- 
flection can be obtained with given values of design pressure and 
allowable stress. Fig. 11 illustrates how the L 
the deflection per disk and shows graphically where the maxi- 


h ratio varies with 
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wine Importance or Correct Disk Dimen 


SIONS 


Fig. 11 Curves Sa 


allowable de- 
Another 


mum point occurs It can also be seen that the 


flection is increased in proportion to the *hickness 
interesting feature of this relationship is that for the optimum 


conditions, the stress due to pressure is ial to the streas due to 


movement 
Effect of Variables 
maximum deflection permissible under the optimum conditions, 


and substituted 


In order te find an expression for the 


: 


Equation [8] was solved for L in Equation [7 


This reduces to 
S// 


6pE 


From this equation the effects of the several variables became 
readily apparent It can be seen that the maximum deformation 


per disk varies as the square of the design stress, directly with the 
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thickness of the disks and inversely with the pressure and modu- 
lus. 
PracticaL Design Limitations 


In selecting the most satisfactory bellows material, the effects of 
stress and modulus in Equation [9] were considered along with 
the requirement that the material be as little susceptible as pos- 
sible to stress corrosion-cracking. After a careful study had been 
made, including bellows temperature measurements, and a re- 
view of all past joint experience, 18 per cent Cr-8 per cent Ni 
type 347 stainless steel was chosen as the material possessing 
the most desirable properties for expansion-joint construction. 
Laboratory and plant experience with this material were used 
as the basis for selecting a design stress of 25,000 psi. Young’s 
modulus was taken as 28.5 & 10* psi 

Since increasing the disk thickness provides another means 
for achieving larger deflections, this possibility was discussed 
While some increase in disk thick- 
ness was found possible, further steps in this direction have been 
limited by the fact that available manufacturing facilities for re- 
sistance-welding expansion-joint bellows are limited to handling 
0.078-in-thick disks. 


to resistance welding is that the uniformity of the product is con- 


with jeint manufacturers. 


The reason for limiting the construction 


sidered superior, thus reducing the possibility of stress concen- 
trations. 

In applying the new formulas, close attention is given to the 
exact expansion and pressure requirements. example, in 
determining piping expansion, only the actual or estimated metal 
temperatures are used. Emergency condition movements are 
considered in fixing limit stops, ete., but are not used for bellows 
design. 
all possible efforts are made to locate the joint in a position where 


Normal operating pressure is used in the equation, and 
it will be subjected to the least pressure. Another change in nor- 
mal practice has been to limit joint test pressures to the design 
value to prevent unnecessary overstressing. 

When these principles are followed, it has been found practical 
to design expansion and hinge joints which operate within a rea- 
sonable stress range, providing the internal pressure is low (30 psi 


maximum), and the movement is not excessive 
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V hile the flat-disk-type expansion joints are widely used in low- 
pressure piping, they are not applicable for high-pressure service 

In view of this and the need for a high-pressure joint to operate 
within reasonable stresses, preliminary investigations have been 
made of several commercial designs for such service. Again 
using simple beam formulas, in combination with membrane stress 
relations, a qualitative comparison was made between the stresses 


likely to occur in each variety of high-pressure joint. Based on 
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these comparisons, the ‘‘torus’’ design of joint shown in Fig 


was selected as offering the best possibilities for reasonably lov 
stress operation and so was chosen for further investigation 

To check the order of magnitude of the stresses calculated for 
this design, strain-gage measurements were made on an experi- 
mental joint 

Description of Equipment. The joint tested consisted of three 
cylindrical pipe sections 12'*/,. in. OD, joined by two stainless- 
having semicircular cross sec- 
4.25 in 


stress-relieved 


torus bellows elements 
tions These were 
diam with 0.062-in-thick walls. The 
and was rated to take 1 in. axial compression with an internal 
When rece ived, the joint was distorted so 
*/¢in. This distor- 
tion was corrected by holding one flange and pulling the other 
It was recognized that this procedure 


steel 


torus sections approximat« ly 


joint was 
pressure of 250 psig 
that the flanges were not parallel by about 


until they became parallel. 
resulted in the introduction of unknown locked-up stresses, but 
it was believed the strain measurements would still indicate the 
type and magnitude of stresses resulting from the various test 
For extension and compression tests, the joint was placed in 
the same tensile-testing machine used for the flat disk-type joint 
Later, the joint was fitted with blind flanges and fittings for hy- 


drostatic-pressure testing. It is shown in this position in Fig. 13 


pwn Wrrs Strain Ga 
\TTACHEL 


OmeGa JoInT SH 
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Out of a total of sixteen pairs of gages on the joint, eight pai 


torus Of these eight, two pairs were 


4, B,C, and D One 


pairs was located as near as possible to the weld j 


were installed on each 


placed at each qua lrant de signated, 
ining the sec- 
tions of torus, and the other pair was placed midway between this 
weld and the weld joining the torus to the cylindrical portions of 


the joint. One gage in each pair was arranged to measure 


Strains in a radial direction from the center of the actually 


circumferential to a cross section of the torus), and the other was 


located to measure strains in a circumferential direction. Typi 
cal locations are shown in Fig. 12 


md Result 


f 0.38 in 


} 


When released 4 permanent 
tests were then made for mov 


lata on operat 


to secure ¢ 


these 


Table 1 presents typi 


yw readings taken move- 
respectively Column 4 indicates the 


ncreasing the hydrostatic pressure from 25 psi to 250 psi 


joint was prevented fror ving 
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TABLE 1 TEST RESULTS 
-————Strain-gage readings,* microinches per in. — 
Pressure 

increase 
25 to 250 
psig, no 


Gage location 

Quad- Comp. 0.2in. Ext. 0.2 in Ext. 0.2 in 

rant at O psig at 25 psig at 250 psig ciwvement 

Column 1 Column 2 Column 3 Column 4 
Radial 70 70 240 
gages —110 t 80 130 
at Cc 110 150 
weld —100 90 110 
Circumfer- 100 100 
ential 90 90 
gages § - 120 
at weld 80 20 
Radial { = 280 
gages 210 - 240 
at -30 
enter 270 —40 
Circumfer- 56 5 160 
ential —530 - 340 
gages at Cc 5£ 130 
center iD —550 : 2 240 


* Compressive strains are 
marked 


marked minus Tensile strains are un- 


From a study of these data, the following conclusions seem 
justified: 


1 Large discrepancies exist between readings on gages simi- 


larly located in different quadrants. This is believed due to ir- 


regularities in the fabrication of the torus sections. 


2 Strains due to movements of as little as 0.2 in. far exceeded 
strains due to internal pressure of 250 psig. 

3 Strains due to deflection at 25 psig showed no significant 
difference from those at 250 psig so long as the movement was the 
same. 

4 When the direction of 
generally reversed. 


movement was reversed, strains 


5 Contrary to results predicted from equations based upon 
beam theory, the maximum stresses were circumferential in di- 
rection instead of radial, and these occurred in the center portions 
of the torus sections rather than near the inner and outer welds. 


Future Work. In spite of the somewhat disappointing results 
of these tests, the torus joint seems to offer good possibilities for 
use under relatively high pressures. Therefore further work is 
planned along the lines of developing a more uniformly con- 
structed torus section and, if possible, a fairly accurate theoretical 
stress analysis of this design of joint. 
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Acceleration of the Instant Center 


By W. J. CARTER,' AUSTIN, TEX. 


The acceleration of the members of a mechanism having 
a “floating link,’”’ such as that in Fig. 2, are not obtainable 
by the method of relative accelerations. Beskin* has given 
a solution for this problem which involves the determina- 
tion of the center of trajectory of points on a connecting 
link. The method presented in this paper makes use of 
the acceleration of the instant center of velocity, the ac- 
celeration of which is dependent only on the velocity of 
the linkage elements. The method developed may also 
be used to obtain the accelerations for linkages which 
normally require the use of Coriolis’ law. 
HE four-bar linkage in Fig. 1(a) has two cranks, links 2 and 
4, and a connecting rod, link 3 The frame of the linkage 
is represented by 1. Fixed centers of rotation are repre- 
sented by concentric circles and pin joints, connecting moving 
links, by a single circle The crossing of the extension of the 
center lines of links 2 and 4 define a point qs. The point q should 
be thought of as a moving point not on link 3. At the instant 
considered, q; defines a coincident point z3, on link 3 extended 





Point x; is the instant center of link 3 at this instant and has zero 
velocity. It is the purpose of this paper to derive a method for 
obtaining the linear acceleration of point z; and to show that the 
acceleration of this point is independent of the angular accelera- 


tions of any of the members of the four-bar linkage 
DETERMINATION OF ACCELERATION OF INSTANT CENTER 


Point qa, defined by the crossing of the extension of the center 
lines of links 2 and 4, has a velocity which is determined in the 


is 


conventional mannet After a small time interval At, h 
elapsed, the mechanism will have moved to the position show: 


in Fig. 1(¢ Then q: will have mi to a new position 


on link 3, defining a new point « ink t int center 
Point 25, the original instant \/ from 
, 


ind will now have a velocity f angular velocity of 


} 
1OcItV @ 1or 


link 3 for the position in Fig i), tl gular ve 


the position in Fig. 1(¢ 


where ay is the angular 








interval At. The distance 


z; and the new instar 


found 


where A 


\ssistant 
The University of Texas 
Simplified Method 
Beskin, Machine De \ 
Contributed by the Ap; 
at the Annual Meeting, New 
2, 1949, of Tue AMERICAN So 
Discussion of this paper 
ASME, 20 West 39th Street 
until Julvw 10, 1950 ! 
as Ms lial 
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As the time interval At, approaches zero, all terms except the 
first vanish and 
l 


Az = Vegaer 


The direction of az; is perpendicular to vgs. If the observer locks 


in the direction of »,3, the direction of az; will be toward the 


right if w, turns counterclockwise, and toward the left if w 
turns clockwise 

may be used to determine the acceleration of the 
It is to be noted that 
Equation [1 Thus 
for any machine having n links, the acceleration of the n instant 
may be determined from the results of a 


Equation [1 
instant center of any link in any machine. 
does not involve the angular acceleration. 
centers of velocity 
similar velocity analysis as given. Obviously, some of the n 
instant centers of velocity will be fixed centers of velocity, such 
as (, in Fig. l(a) and consequently will have no acceleration. 


ACCELERATION ANALYSIS FOR MECHANISM WiTH FLOATING LINK 


The linkage in Fig. 2 has six members. Link 5 is sometimes 
referred to as a floating link since one end of the link, in this 


If the accelera- 


case point C, does not move in a circular path 
tions of one of links 2, 3, or 4 are specified, the accelerations for 
all other parts of the linkage may be obtained by a straightfor- 
ward application of the method of relative accelerations. If, 
however, the motions of link 6 are the given data, an acceleration 
analysis is impossible by means of relative accelerations alone 


The difficulties encountered may be seen from an inspection of 
the following vector equation 


ac” *ac' = ap" +— ap! +— acy” + Acp' 2 


Equation [2] is the 
presses the fact that if two points, such as C and D, are on the 


relative acceleration equation. It ex- 
same link in a mechanism, the acceleration of a point C equals 
the acceleration of the point D plus the acceleration of C rela- 
tive to D 
components, a normal component and a tangential component, 


Since the acceleration of either point may have two 


the relative acceleration equation may have six terms 


Of the right-hand members of the equation, agp‘ is unknown in 
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magnitude since a; is unknown, but its direction is known to be 


perpendicular to link 5. Of the left-hand members of the equa- 


tion, nothing may be determined. The velocity of C may be 


determined but a," cannot be determined, since C does not 


move in a circular I ath The direction and magnitude of dy 
are also unknown 

By the use of the additional condition provided by Equation 
1], the solution of this problem may be found. Since points 
C and z; of the mechanism in Fig. 2 are on the same link, the 


following equation may be written 
ap" +— ac = ay + Acxn" +— Aczs' 3 


Equation {3} is the relative acceleration equation for points 
C and 2; 


The simultaneous solution of Equations [2] and [3] 


yields a¢ 
Once a¢ is known, the acceleration of other points in links 2, 3 
or 4 may be determined by conventional procedures 

Example. To demonstrate the use of the principle ol Equation 
[1] an acceleration analysis will be made for the linkage in Fig 
radians per sec 


? clock- 


2. Crank 6 has an angular velocity of 6.5 
clockwise, and an angular acceleration of 50 radians per sec 
wise 

The linkage is drawn to scale. (Original, 1 in. = 


and acceleration sc ile 1s chosen 


Solution 
1 ft.) A convenient velocity 


(Original, 1 in. = 6 fps and 1 in. = 36 fps? 


= we X QD = 6.5 X 1.5 = 9.75 fps 
Knowing the velocity of D, the velocities of other parts of the 
linkage may be found by drawing a velocity polygon. The poly- 
gon is shown in Fig. 2(a), The following results are obtained 


from the velocity polygon 

6.78 fps 

7.68 fps 

6.7 
7.40 fps 
4.80 tps 


2 fps 
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7AM 
3 
St 


= = 2.47 radians per sec clockwise 


4 = 7—— = 1.92 radians per see clockwise 
«v0 
q: is located, and its velocity is determined as shown in Fig. 2 
ve = 4.46 X 6 = 26.8 fps 
Oss = vgs X ws = 26.8 X 1.92 = 51.5 fps? 
The direction of a,; is determined by the rule previously stated 
The acceleration components necessary for the simultaneous 


solution of Equations [2] and [3] may now be computed 


1.5 = 63.3 fps? 
75 fps? 


) Ips* 


ap” = (w)* X QD 50)? x 
ap’ = aw X QD i (15 = 
Qcp" = (ws)? X CD = (2.47)? X 3 = 18.3 fps? 
Qcp' = is unknown in magnitude but is known to be per- 
pendicular to CD 
az; = 51.5 fps? 
Qcrs" = (ws)? X Cx, = (1.92)? K 3.48 = 12.83 fps? 
4c;;' is unknown in magnitude, but is known to be perpendicu- 
lar to Cz; 
| may now be solved by drawing the ac- 


Equations [2] and [3 
of the lines 


celeration polygon, Fig. 2(b). The intersection 
representing acz;' and a¢p' determines the end of the vector rep- 
2. With the acceleration of C known, 


resenting @¢; @¢ = 87 fps 
the acceleration of other points in the mechanism may be deter- 


mined by conventional methods 
ACCELERATION ANALYSIS OF QuIcK-RETURN LINKAGE 


A procedure similar to that used in solving the foregoing 
problem may be employed to determine the accelerations in 
machines having a sliding pair, such as a quick-return mecha- 
nism, shown in Fig. 3(a 

The motion of link 2 is specified, and it is desired to determine 
the angular motion of link 4. By the principle of inversion, it is 
known that the same relative motion results between the links 
if link 2 be considered fixed and w, reversed is given to the frame, 
link 1. In Fig. 3(b) the inversion is shown with q defining the 
instant center of link 4 As before, w, and vg, may be determined 
for the inverted mechanism. The product of w, and vg in the 
inverted mechanism determines the acceleration of TW relative 
to link 2, which is fixed in the inverted mechanism 

Returning to the original linkage, Fig. 3(a), the acceleration 
of the point z, in link 2 extended, coincident with z,, may be 


found as follows 
Az: 


The acceleration of x : ve expressed 
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n 
ox, 


Fie. 3(a) 


Ga? Xa" Xo 





is the product of v4 and «a, for the inverted mecha- 


where @z4: 
Coriolis’ component does not 


nism. It will be noted that the 
need be added to the right side of Equation [4 
velocity between the coincident points z, and z, is zero 


, Since the relative 


The solution of Equation [4] is shown in Fig. 3(« Term a~% 
may be found by taking the component of a,, perpendicular to 
With a, known, 


the line Ow, and dividing by the distance Qyr, 
determined 


the aceelerations of other parts of the linkage may be 


by conventional methods 





Atomization of Liquids by Means of 
a Rotating Cup 


By J. O. HINZE! ano H. MILBORN! 


Liquid, supplied through a stationary tube to the inner 
part of a rotating cup widening toward a brim, flows vis- 
cously in a thin layer toward this brim and is then flung 
off, all by centrifugal action. The flow within this layer 
and the disintegration phenomena occurring beyond the 
brim have been studied, experimentally as well as theo- 
retically. A formula has been derived for the thickness 
and for the radial velocity of the liquid layer within the 
cup, which proved to agree reasonably well with experi- 
mental results. Three essentially different types of dis- 
integration may take place around and beyond the edge 
of the cup designated, respectively, by: (a) the state of di- 
rect drop formation; (6) the state of ligament formation; 
and (c) the state of film formation. Which one of these is 
realized depends upon working conditions. Transition 
from state (a) into (6), or of state (6) into state (c) is pro- 
moted by an increased quantity of supply, an increased 
angular speed, a decreased diameter of the cup, an in- 
creased density, an increased viscosity, and a decreased 
surface tension of the liquid. The experimental results 
have been expressed in relationships between relevant di- 
mensionless groups. For the state of ligament formation 
a semiempirical relationship has been derived between the 
number of ligaments and dimensionless groups deter- 
mining the working conditions of the cup. Results of 
drop-size measurements made for the state of ligament 
formation as well as for the state of film formation show 
that atomization by mere rotation of the cup is much more 
uniform than commonly achieved with pressure atomizers. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


D = 
fo = 
£,9,¢,y resp. 
r co-ordinate in radial direction 
w angular speed of cup 
velocity components in liquid layer 
UEC) maximum value of ug 
Vian mean value of vg across layer 
p density of liquid 
“ dynamic viscosity of liquid 
g surface tension of liquid 
Q quantity of liquid supply to cup 
thickness of liquid layer 
Pp static pressure within liquid 


maximum diameter of cup 
semicone angle of cup 
co-ordinates used in liquid layer within cup 


UE, Ve, Ve 


1 “Delft’’ Laboratory, Royal Dutch/Shell Group, Delft, Holland 

Contributed by the Applied Mechanics Division and presented 
at the Semi-Annual Meeting, San Francisco, Calif., June 27-30, 1949, 
of Tae American Soctety or Mecuanicat EnNGineers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1950, for publication at a later date. Discussion re- 
ceived after closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Paper No. 49—SA-2. 


Ag distance between two subsequent windings of 
spiral described by particles in liquid layer 
thickness of liquid torus 
distance of farthermost point of torus to edge of 
cup 

co-ordinates used in liquid torus 

time 

radial velocity at edge of cup 

radial velocity at distance h from edge of cup 

momentary value of a surface disturbance on 
liquid torus 

wave length of surface disturbance on liquid torus 

logarithmic increment of surface disturbance 

number of ligaments 

thickness of ligaments 

velocity within ligament 

gravitational acceleration 

constant 

diameter of drop 

linear mean diameter 

mean diameter by surface 

mean diameter by volume 

cumulative per cent by number 

cumulative per cent by volume 

absoiute-size constant 

distribution constant 


INTRODUCTION 


In the year preceding World War II, the rotating cup as a 
means of atomizing liquids had become the subject of an investi- 
gation by the Delft Laboratory in order to apply this cup in a 
burner for small capacities (a delivery of about 1 gph, say). 

The use of a rotating cup in burners for domestic heating is 
well known (1, 2).* Besides such applications, a rotating cup 
is also used in other spraying devices as, for instance, for drying 
purposes. 

After the war the investigation by the Delft Laboratory 
was renewed, but now carried out upon a more fundamental 
basis. The need for such a fundamental study, particularly 
concerning the mechanism of the disintegration process became 
apparent during the prewar investigations; no results of such a 
study could be traced in the literature. 

Although, generally, a more or less strong blast of air in the axial 
direction past the cup is applied when the latter is used in a 
burner or in a spray drying device, the investigation has been 
started without such a forced air flow. 

For this case, the prevent paper discusses the results of experi- 
mental and theoretical investigations concerning the flow of the 
liquid within the rotating cup and concerning various mechanisms 
of disintegration occurring at and beyond the edge of the cup. 
Drop sizes and drop-size distribution of the atomization obtained 
with these various mechanisms of disintegration are also dis- 
cussed. 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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GENERAL DESCRIPTION 


Liquid is supplied through a stationary tube to the inner part 
of a rotating cup widening toward a brim. Friction between the 
liquid and the wall of the cup will cause the liquid to attain the 
same rotational speed as that of the cup. Centrifugal forces set 
up in the liquid will cause a flow of liquid towarg the brim of the 
At sufficiently high angular speeds of the cup, the layer of 
A vis- 


cous flow of liquid toward the sharp edge of the cup is obtained. 


cup. 
liquid formed at the inner wall of the cup is very thin, 
schematically, this case. 


Fig. 1 illustrates, 





Fia Supp_y ano Fiow or Liquip Wrrain Rotatine ¢ 


Three essentially different types of phenomena may take place 
Which one of 


realized depends on working conditions, i.e., quantity of supply, 


around and be Vi nd the edge of the cup these is 


angular speed, and dimensions of the cup; and on properties of 


the liquid, i.e., density, viscosity, and surface tension. For a 


brief description of these phe nomena it is sufficient to cover the 

case of a given cup rotating with a fixed angular speed while 

different quantities of the same liquid are supplied to the cup 
State I. 


around 


At a very small supply rate a liquid torus is formed 
The 
mainly by equilibrium conditions between centrifugal and sur- 
be 


drops will be formed singly at 


the edge diameter of this torus is determined 


face-tension forces Because of disturbances the torus will 


varicosely deformed. Incidentally, 
one or more bulges of the torus by the action of centrifugal forces 


flung off from the edge, see Fig. 2. This phe- 


called 


these drops are 


nomenon may be disintegration by direct drop forma- 
tion 
State Il \t 


tion of drops singly at 


an increased rate of supply, the sta 


the torus may transit into 


the bulges o 


formation of thin jets or ligaments. The number of 


these 


maximum value, after 


complete 


ligaments increases with increasing rate of supply up t 


which the number remains cor 


respective of the rate ot 


supply Ap} 


ligaments thickness with in 


The 


break up into drops at 


grow in 


ligaments themselves unst 


some distance 
Fig. 3 
by ligament 
Ili. Stil 


where 


set 


This phenomenor 
formation.” 


Stete | further increasiz of supp 


tion is reached the number of 


more, nor can they grow in thickness 
the 


to consume all liquid supplied to 
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DistnTEGRATION BY Direct Drop ForRMATION 


DISINTEGRATION IGAMENT FORMATION 


hat, roughl the torus will be flung off the edge and a 


Im will be formed extending to a certain 


iKIng 


listance from the edge 


irregular way int 


the 


of the liquid | 


breaks up in an ligaments and clots of 


The 


thickness of film just beyond the edge is prac- 


quid 


t t the edge 


ayer within the cup a 


1, This phenomenon may be called “disintegration b 


t is recommendable to produce a liquid layer of uniform 
} torus or 


the 


lig iments 


cup, and consequently also a liquid 


thickness around the circumference of cup 


formation this then results ir 
the 


ligament 


jual thickness and equally spaced around edge In 


nsure é i uniform thickness the followir 


g require 


tion 
complet 
llorn supply of 


cup Is 


+ A-supply of liquid to th p wall e the 


er conical, pre 
t 


f the wall of the cup, particularly if the 


very thin 





HINZE, MILBORN 


Fic. 4 Disintecration py Firm Formation 


DIMENSIONAL ANALYSIS 


An exact theoretical treatment of the process of ligament forma- 
tion and of the transition into the state of film formation seems 
hardly possible, seeing how complex are the boundary conditions 
for the flow of liquid beyond the edge of the cup in these cases 
Yet it appears possible, as will be shown later on in the theo- 
retical analysis, by simple reasoning to form a conception of the 
With this 


as a base, a relationship can be derived between the number of 


flow conditions in the state of ligament formation 


ligaments and dimensionless groups which affect this number, in 
which relationship occur only two unknown parameters that can 
be determined easily by experiment. 
It appears possible to treat in a similar way the transition of 
the state of ligament formation into the state of film formation 
The relevant dimensionless groups also may be obtained in a 
formal way by applying the well-known procedure of dimensional 
analysis to the quantities involved 
affected by the fol- 


Thus the number of ligaments z, may be 


lowing: 
1 Diameter D of brim of cup 
2 Conear gle Ze of cup 
Angular speed w of cup 
Quantity of delivery Q 
Density of liquid p 
Surface tension of liquid @ 


Dynamic viscosity of liquid « 


Because the 


cup are the quantity Y, the angular speed w, 


main variables at the experiments with a given 
und the viscosity u 
it is recommended to form the dimensionless group in such a way 


that each group contains only one of them laking the quanti- 
ties D, p, and o as fundamental quantities, each of the main vari- 
ed dimensionless by them 

] 


general 
dimensionless groups reads 


(= pwD? =? ) 
=m 7 . a ~¢ 
aD a paD 
may obtain for the transition of the 


the 


and w can be rende 


the 


ables Q, w, 


The result is that ind the 


relationship between 


state ol 


In a similar way on 
ligament formation into the state of film formation, 


pQ pw*D u* 
qg . . Pra) = () 
oD o pobD 


Dimensional! analysis has not been applied to the internal flow 


general 
relationship 
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within the cup, because for this case a solution of the hydrody- 


namical equation has been obtained 
CALecULATION oF Fiow tn Layer or Ligurip Wrruin Cur 
rhe calculation is based on the following assumptions 


1 Thickness of the layer is very small compared with the 
mensions of the cup 
2 Flow within the layer is completely viscous 


3 Flow within the cup is rotationally symmetri: 


By comparing the order of magnitude of the various terms o 


curring in the hydrodynamical equations for viscous flow, the 


following may be shown: 
The 


static pressure p is practically constant across the 


2 The velocity component rv, is vety small with respect to the 


compone nt UE 

3 The velocity component vy is very small with respect to the 
component rg; this implies that the path described by any liquid 
particle with respect to the cup is practically straight and radial. 
The liquid has practically the same rotational speed as that of 
the cup. 


Hence, with the assumption of a constant static pressure and 


neglecting the velocity components vy and ve, the equation of 


motion and the boundary conditions read, Fig. 5 


O*r¢ pw't 


g 
: sin? g = 0 
; 
£*0¥ m 
0 at the wall (y¥ 


at the free surface 


ae + 
v 


% 
— 


& 


TY CoMPONENTS IN Laver or Lieurp Wirain Cup 


The 


boundary conditions, is 


coun : ,v 
t sin’ ¢ fi °ww & 
£ 9 
be « 


the 
determined by the condition that the total quantity of liquid 
flowing through the layer toward the brim of the 


solution of the differential equation, which satisfies the 


where & is the value of & at free surface. The value ¥; is 


cup must be 
equal to the quantity Q supplie i to the « up 


This condition gives 


sin ¢ 


2rpw'r?d 


Su 


sin ¢ 


whence 


% 


é 
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i ( 3uQ ) ; 
hs 2rpw'*r? sin go 


The values of the maximum radial velocity req) and of the mean 


radial velocity vg¢m) are, respectively 


(° pw* sin gol)? 
32 wr? ur 
(= sin ¢ ) ’ 
12 x? ur 


The condition for the validity of the simplifications introduced is 


(“ Q sin? ge ) , 
pwr | 
When the path described by a single liquid particle with respect 
to the cup is considered, it has been shown that this path is 
practically a straight line in the radial direction. For a stationary 
observer, however, the path is a spiral. An identical spiral will 
be described by liquid supplied at a stationary point to the cup 
The shape of this spiral is determined by the ratio: Rotational 
speed wr divided by radial velocity »:. Hence the differential 
equation of the spiral, if described in terms of the co-ordinates 


Eand 8, is 


ase 


r aeé 


Taking for v; the value 


w here 


0 < k & 1, the differential equation reads 


where 


where the constant of integration has been put equal to zero 
From this expression it follows that the distance Af between 


two subsequent windings is equal to 


10 


From this ey pression it Is concluded that A is indepe ndent of the 
cone angle ¢o of the cup, and of &, that is, A¢ has a constant value 
from the point of supply up to the brim of the cup. 
mental determination of Aé offers a possibility to check the 


The experi- 


theory 
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EXPERIMENTAL DETERMINATION OF Aé 


The experiments pertinent to this case have been carried out 
with a cup having a diameter D = 10 em (4 in.), and a cone angle 
2¢o = 60 deg. 

The properties of the liquids used in these experiments are 
shown in Table 1. 


TABLE DETERMINING 


PROPERTIES OF LIQUIDS USED IN 
Ag 


Surface 
tension, ¢, 
g-sec ~2 


Viscosity 
at 60 F, 
tem~! 


Density, p 
g-cm~* g-sec 
0.885 14.15 29.5 


0.856 0.985 29.5 


Fig. 6 gives an example of the spirals formed by a dyed liquid 
supplied through a stationary pipe. Photographs of identical] 
spirals occurring in rotating cups have already been shown by 
Hickman (3). 


MED BY Dyep Liquip Suppirep From Sra- 


INT TO Liquip Laver 


Sprrats F 
TIONARY P 


Fic. 6 


In order to prevent slipping effects of the dyed liquid with 
respect to the original liquid layer, the end of the pipe for the 
dyed liquid had to be dipped into the original liquid layer at 
the experiments; thus the dyed liquid is introduced within the 
original layer. This implies that the radial velocity of the dyed 
iquid within the liquid layer will have a value, certainly smaller 
than the maximum value p¢ Consequently, for these spirals 
the value of k must be smaller than unity. 

Equation [10] suggests plotting the experimental data in a 
graph of the dimensionless group A/D versus the dimensionless 
group pQ?/yuwoD*. 

The mean curve through the experimental data shown in Fig. 7 


is given by the equation 


At ( pQ? Sy ‘ 
= ().95 
D "helt J _ 


1 is qualitatively in satisfactory agreement with the pre 
Equation [10 A quantitative 
omparison of Equations [10] and [11] yields for k the value 0.39, 


0.67, i 


ted theoretical relationship 


which is a rather low value (k = would be equal to 


EXPERIMENTAL Restutts CONCERNIN LIGAMENT FoRMATION 


AND TRANSITION INTO F1LM FORMATION 


The experiments pertinent to this investigation have been 
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Errect oF WorkiInG ConpiTIons oF Cup on DisTANCES OF 
SUBSEQUENT SPIRALS 


Fic. 7 


carried out with three cups of different sizes, namely, with di- 
ameters D of 1 cm (0.4 in.), 2.5 ecm (1 in.), and 10 em (4 in.), 
respectively; all cups have the same cone angle of 2¢) = 60 deg 


The liquids used in these experiments are given in Table 2. 
TABLE 2 LIGAMENT 


PROPERTIES OF LIQUIDS USED IN FOR 
MATIC 


ION EXPERIMENTS 


Surface 

Density, ¢ tension, ¢, 
g-c! : er g-sec 
0 BRS 5 
0.94 5 
0.856 085 5 


0.910 5 5 
0.866 078 5 


Eavh of the quantities Q and the angular speed w have been 
varied to such an extent that all three of the different states, 
namely, the state of direct drop formation, the state of ligament 
formation, and the state of film formation, have been achieved. 

In the following, however, we will confine ourselves to the 
results pertaining to the state of ligament formation, and to the 
transition into the state of film formation, these being of greatest 
More- 


over, in the case of ligament formation, only those data will be 


importance for practical applications of the rotating cup. 


considered pertaining to the cases where the quantity Q has no 
effect on the number z of ligaments. 

Fig. 8 shows the graphs where this number z has been plotted 
against the dimensionless group (pw*D*/a)'/* with the dimension- 
less groups (u*/poD) and (pQ?/aD*) as parameters. Only the re- 
The results with the 
ind with other liquids are included in 


sults with the l-cm cup are given here. 
2.5-cm, and 10-cm cups, 
the graph in Fig. 11 

The graphs in Fig. 8 show that within the range of values of 
the dimensionless groups the number z indeed is practically in- 
dependent of the quantity Q The general trend shown by the 
data in the graphs suggests a linear relationship between the 
number z and the angular speed w As will be shown hereafter, 
a more detailed investigation discloses that z does not vary lin- 
early with w, but with the */s power of this speed 
In Fig. 9 the experimental data of the beginning of transition 
from the state of ligament formation into the state of film forma- 
The dimensionless group (pQ?/¢D*)'/* has been 


, * while the 


tion are shown 
plotted against the dimensionless group (pw*D*/¢ 
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The figure 
shows that the tendency to the formation of a film is advanced by 


dimensionless group (yu? poeD occurs as 4 parameter. 


an increased value of either of the groups pQ*/eD', pw*D*/¢, and 


p?/peD. 


THEORETICAL ANALYSIS 


The theoretical analysis will be based on the concept of the 


mechanism of the processes occurring beyond the edges of the 
At the 


same time we will focus our attention mainly on the state of liga- 


cup, as described very roughly in the general description. 


ment formation, particularly when the number z is independent 
of the quantity Q, and on the transition into the state of film for- 
mation. 

According to the concept mentioned, in the state of ligament 
formation it is assumed that a toruslike liquid column is formed 
around the edge of the cup, from which torus the maximum 
number of ligaments originates in the case that the quantity Q 
These 


grow in thickness with increasing quantity Q up to a maximum 


has no influence on the number of ligaments ligaments 


value, after which a transition into the state of film formation is 
likely to occur. 

In order to estimate the thickness 4, of the liquid torus, the 
following simple reasoning will be followed. Fig. 10 shows a 
plausible shape for the cross section of the torus 
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In Fig. 10 the liquid particles, after leaving the edge of the cup, 
have (a) a radial-velocity component vp), which on the average will 
be practically equal to the mean radial velocity vgcm) at the edge 
as given by Equation [8], and (b) a tangential-velocity component 
'/{wD). The liquid particles generally follow a straight path, 
and collide against the free surface of the liquid torus with a 
velocity %, which in the case of a nonviscous liquid will be equal 
to the total absolute velocity of the particle just beyond the edge 
of the cup The impact forces on the farthermost points of the 
torus are determined by the radial component tr, 


Fiow Conpitions in Torus or Liquip Arounp Epce or 
Cup 


Fig. 10 


Simple geometry shows that (for a nonviscous liquid) 


Dt 
(D + 2h )2 | 


or because, generally, h <<< D 
ray? ~ wt Dh + vp? 12 
Now, the following simplifying assumptions have been made: 


1 The radius of curvature in the farthermost point of the torus 
is practically equal to '/2(4,). 
2 The effect of the radius of curvature 


(D 2) 


being 
great with respect to '/.(4,), will be neglected 

3 The length A is proportional to 6,, with a factor of propor- 
tionality independent of the quantity Q, the viscosity wu, and the 
angular speed w Actually, such a de pendency may be expected, 
because it is likely that the factor of proportionality depends on 
the ratio 6,/5, which ratio is affeeted by the foregoing quantities 
t In Equation [12] the term vp? 
this is justified because generally v,, is 


may be neglected with 

respect to the term w?Dh 

small compared with w(D/ 
5 The effect of 


a simple power law of the Reynolds number pv... 


viscosity on tr, Will be accounted for by 


Consequently, we put 


f. r 


The condition for equilibrium between the impact forces an 


surface-tension forces in the farthermost points of the liquid torus 


vields 


From Relations [13] and [14], the value of 


giving 
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5, : ‘ 
™ (. - 


In order to determine the number z of ligaments, a simplified 


calculation will be given 
and that the cross section ot the torus is approximately circular, 
of liquid 


Seeing that, generally, 6,/D << 1 
it is plausible to consider the torus as a straight column 
and to apply to this column the instability theory of Rayleigh 
(4). 
by the effect of surface tension 


According to this theory, the column of liquid is unstable 


ilone, for disturbances of rota- 


tional symmetry, having a wave length A greater than 7 times 


the diameter of the column. Moreover, an optimum value of 


wave length exists for which the rate of increase of the disturb- 


ance is a maximum, so it is likely that the column has a preference 


to break up in droplets corresponding to this optimum wave 


length. However, instability of such a column, by the effect of 


surface tension alone, exists only in the case of disturbances of 


Because disturbances of rotational sym- 


rotational symmetry 
metry cannot occur on the liquid torus considered, Rayleigh’s 


theory does not apply. Moreover, account must be taken of the 
effect of the foregoing impact forces on the instability of the torus, 
leading to formation of ligaments 

In order to account for this latter effect, the following approxi- 
mate calculation for a nonviscous liquid is given: 

Assume a disturbance on the free surface of the torus of the 


following form 


Consider the pressures acting in the farthermost points 


torus (that is, ford = 0 


The impact forces cause an excess pressure equ il to 


The excess internal pressure to accelerate the liquid may be 


given by 
Os 


number 
ot 


The surface tension causes an excess pressure 


The equilibrium condition 


pressures then gives 


itution of Equation 


Subst 


number 6,08 


grow 


the disturbance 


number 1 ligaments 


rD/X 


rhe right-hand term of the Inequality [19] has approximately 


mstant value because 6, is approximately inversely propor- 
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tional to w; this suggests assuming a constant value for \/6,. 
The maximum number of bulges will then be proportional to 
D/é,. 

If the shape of the torus between two adjacent ligaments is 
instance, Fig. 3), it is apparent that the 
maximum number of ligaments cannot be equal to the maximum 
If it is still 
assumed that the minimum possible spacing for the ligaments is 


visualized (see, for 
number of bulges, but must have a smaller value. 


proportional to 6,, so that z a D/é,, one obtains from Expression 


15 
a (22 ee(' eD\ itn - 
X «@ 


uw 


In this expression the parameter n has be determined by eXx- 
periment. 


n=? 


The results of the experiments made, yield a value 


Fig. 11 shows a graph of the experimental data and the semi- 


empirical relation according to Expression [21] with n = */s 


xo? \/" oD 
z= 0.215 (! e 
o »? 
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RIMENTAI 
AROUND 


PED 


The shape of the ligaments is roughly an involute. Neglecting 
any initial radial-velocity component, when the liquid leaves the 
effect of 
the ligament, which means, if 


the liquid particles persist in their initial 


cup edge, neglecting also any resistance (external or 


internal) on the development ol 
tang ntial velocity, the 
exactly an involute. This may be 


shape of the ligament is 


elucidated by referring to Fig. 12. 
Fig. 12 gives various stages of the development of one single 
ligament A liquid particle which leaves at a point 1 the edge of 
the cup in a tangential direction, causes a protuberance in point 
2. Inthe absence of any counteracting action the liquid particle 
continues its motion in the same direction with the same speed 
At stage ma. 


time point | of the edge of the cup has arrived in point 4 


at the same 


The 


i the particle has reached the point A 


liquid particle at B' has left the edge of the cup at point 3 
Fig. 12 
the involutely 


shows also 


that during the further development of 
process of the liga- 


the 


Actually this stretching process 


1 ligament a stretching 


shape 
ment takes place (the length A' i! at stage 4 increases to 
length A’’B" at stage 5 
will be counteracted by viscous stresses and surface tension 

For the transition into the state of film formation the (rather 


arbitrary) assumption is made that the maximum thickness of 
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IQUID T 
CUP EDGE \AGUD ToRus 
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the ligaments is roughly equal to the thickness of the torus 


Siimax) a 5,. 
Transition occurs if 


Q > number 26% nas number 26,2n; 


vu = 


or, with Expression 


g (a) 
Dy, @ : 
Vo5, 


With 6, « D/z, Equations [23] and [24] yi Id 


1 : m 
» " 
:! =( ) - number 
poaD 


the Relation [22], Expression [25 


pl)? 
oD 


becomes 


1 aking for z 


» : \ 7 . Sm-—1 
pQ (+ Dp *\ 5 — ( i“ )s -—— 
oD a pob 


elation [26] fits quite 


> number {26} 


The graph in Fig. 13 shows that the 
well the trend shown by the experimental data if m ~ 0.25; the 
equation of the curve in Fig. 13, corresponding to the Relation 


pQ? ( "| “( a? ) - 
— | - = 1.77 
oD? o paD : 


ATOMIZATION 


26} reads 


(27) 


It is plausible that the atomization of the liquid, as a result 
of the disintegration process, will be different for the three dif- 
ferent states of disintegration. In the state of direct formation 
of droplets, the droplets are formed singly from protuberances 
originating from the bulges of the varicosely deformed liquid 
torus around the edge of the cup. The moment at which the 
droplets are split off from these protuberances generally will be 
different for the various droplets; this means that the protuber- 
ances will have different thicknesses and heights at the moment 
Consequently the various droplets 
it is likely, however, that they will 


have a diameter roughly of the same magnitude as the thickness 


of splitting off a droplet. 


will not have the same size; 
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of the liquid torus; the Expression [15] may then serve as a rough 
estimation of the mean drop size. 

In the state of ligament formation, the ligaments break up 
into droplets by disturbances of rotational symmetry. This 
process of breaking up, identical with that of a straight liquid 
column and agreeing with Rayleigh’s instability theory, is clearly 
shown in Fig. 3. 

If all the ligaments have the same diameter, if they all break 
up at the same distance from the edge of the cup, if this occurs 
by disturbances with the optimum value of wave length, and if 
there is no effect of the stretching process of the ligaments on 
their breaking up, all droplets formed would have the same 
diameter. 

Actually, the drops are not all of equal size. The reason is 
mainly that not all ligaments break up at the same distance from 
the edge of the cup, so that the diameter of the ligaments at the 
Also, 
breaking up occurs very often by singular disturbances not ac- 


place of breaking up is unequal for various ligaments. 


Fig. 3 shows a few cases 
Particularly in 


cording to the optimum wave length. 
of breaking up by such singular disturbances 
the latter case, the stretching process of the ligament causes 
bigger drops to form than according to optimum wave length, a 
thin thread of liquid at the same time trailing behind. This thin 
thread of liquid breaks up into very small droplets. The effect on 
atomization is that in a few cases, the distribution curve by 
number of drop sizes shows two definite peaks pointing to two 
definite size groups 

Nevertheless, the atomization is still more uniform if com- 
pared with results obtained with other methods of disintegration 


In the state of film formation, air forces and other disturbing 


TABLE 3 


» Q o/2 opv/D 
wo ?! 
D oD @ 


V eeD 


0.0238 0.0314 
0.0134 0.0233 
0.0134 0.0171 
0.0374 0.0068 


0.028 0.070 
0.0134 0.0383 
0.0374 0.0234 


EXAMPLES 


JUNE, 1950 


forees deform the film, tears arise, and surface-tension action 
causes disruption into many irregular ligaments and clots of 
liquid, the latter mostly interconnected by thin threads of liquid 
which break up in fine droplets. It is reasonable to expect, 
generally, a less uniform atomization than that occurring in the 
state of ligament formation. Because this less uniformity is 
mainly caused by a greater number of drops of very small size, 
the difference between both atomizations will be more pronounced 
if distribution curves by number are compared. In order to find 
a simple measure for the uniformity of the distribution of drop 
sizes, the distribution curves have been approximated by the 
mathematical equation first applied to distribution curves of 
powdered coal by Rosin and Rammler (5, 6 For the distribu- 
tion curves by number and by volume, respectively, the equation 


reads 


= 100¢ [28] 


V = 100e [29] 
where N is the cumulative per cent by number of drops of di- 
ameter greater than d; V is the cumulative per cent by volume 
of drops of diameter greater than d 
the “absolute size constant,” and the 


d and q, respectively, are 
“distribution constant.’ 

A higher value of g implies a more uniform atomization 

Distribution curves of drop sizes have been obtained by means 

f the well-known catching method on sooted glass plates (7 

Table 3 gives a few examples of the atomization obtained by 
disintegration by ligament formation and by film formation 
This table shows that, for distribution by number, atomization 
by ligament formation is generally more uniform than that by 
This uni- 


film formation (compare the values of qn» lesser 
formity by film formation is mainly caused by the greater number 
of small droplets, the effect of which on the distribution by volume 
is very small; so the reverse conclusion is sometimes reached 
concerning the uniformity of atomization if distribution curves 
by volume are compared instead of distribution curves by num- 
ber (compare the values of q, 

It may be useful to mention that in the case of atomization 
by means of pressure nozzles, the distribution constants q, gen- 
erally vary between 2 and 3, which denotes a much less uniform 
atomization. 

Table 3 are defined as 


The various mean diameters given ir 


follows 


Linear mean diame 


Mean di 


imeter 
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Mean diameter by volume 
(znd3\“" 
d,= (= 
\ Zan 


.s 3 
SMD = 2 
=nd* 


Sauter mean diameter 


Until now the effect of air flow relative to the liquid flung off by 
the cup has been considered only in so far as it plays a part on 
the deformation of the film. This is because at low circumfer- 
ential speeds of the cup, say, below 15 m per sec (40 fps), the 
effect of air forces on splitting up of drops and on the break-up of 
ligaments is very small. At appreciably greater circumferential 
speeds, say, 30 m per sec (100 fps) and greater, however, air forces 
Ultimately, at extremely high 
circumferential speeds, atomization will be determined predom- 


substantially affect atomization. 


inantly by the air forces, eventually reaching the state of so- 
called true air atomization. 

As has already been mentioned, in many technical appliances 
an additional blast of air in the axial direction past the edge of the 
cup is used. This blast of air may affect appreciably atomiza- 
tion. Particularly in the state of film formation where breaking 
up by mere rotation of the cup would take place at a certain dis- 
tance beyond the edge of the cup, the additional forced air flow 
within this distance. It is evident that 
then the results of atomization given in the foregoing do not hold. 


causes atomization 


Finat REMARKS 


It may be noticed from the various graphs given that the ex- 
perimental lata show a rather great spread with respect to a gen- 
eral law which they tend to follow, and which laws obtained a 
Particularly the 
seatter of the number of ligaments z is striking (see Fig. 11) 


physical meaning by the theoretical analysis. 


This, however, becomes quite obvious if one visualizes that there 
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is more than one possibility for the liquid to be carried off the cup 
through the ligaments, namely, by either an increase in number 
or an increase of thickness, or by both. In fact, the number of 
ligaments tends to persist, if the angular speed of the cup is va- 
ried, even within wide limits. Moreover, the theories developed 
and based upon simplifying assumptions show clearly the many 
possibilities for deviations from the general relationship resulting 
from those theories. 

Notwithstanding al] that, the experimental data, statistically 
stated, are in fair agreement with the theoretically predicted re- 
lations; this justifies the conclusion that the actual mechanism 
of the processes would appear to be mainly in agreement with the 
concept underlying the hypotheses and assumptions made in the 
theory. 
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Using the method of successive images, an approximate pose, it is desired to obtain an approximate solution for the veloe- 
solution for the velocity potential is obtained in closed ity potential for the flow about an ellipsoid near a plane wall 
form for incompressible flow about an ovary ellipsoid near Using the method of successive images, the evaluation of the 
a plane wall. The velocity distribution is computed from image potentials or potentials of the equivalent source distribu- 
this solution in two ways. The first computation properly tions) and the restoring images will be approximated by expan- 
predicts differences in velocities on opposite half-meridians — sions in series which are equivalent to rectilinear flows. The 
of the ellipsoid. A second method results in a symmetric — velocity distributions will be derived in two ways, the first of 
velocity distribution but is useful for rapid estimates of — which properly predicts differences in velocities on opposite half 
the average wall effect. Pressure distributions calculated meridians of the ellipsoid. The second computation, which 
by this theory are compared with values measured on 4:1 — corresponds to an expausion in associated Legendre polynomials 
and 6:1 ellipsoid models. of zero order, results in a symmetric distribution, but is useful 

for rapid estimates of the average wall effect, and corresponds 
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wall 
HE inherent difficulties in obtaining the solution for the The 


to the distribution on the meridian parallel to th 


solution is obtained in closed form with expressions for 
flow about arbitrary bodies of revolution near a plane wall velocity distributions that may be easily applied to specifi 
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+c, y = z= 0. The ovary ellipsoidal co-ordinates, yu, f, w, are 


then defined by the set of equations 


Cus 


cv (1 
perpendicular to the z-direction 


It is clear that y is the distanc 


in the meridional plane « const, and that the Cartesian co- 


Th 


ellipsoidal surfaces confocal with the 


ordinat« y surtaces ¢ const constitute a set of 


y COS w 
real ellipsoid and having 


semimajor axes equal to cf and semiminor axes equal to 


cv © 1 


boloids with foci at z 


The surfaces u const are a set of confocal hyper- 
*c and semiaxes cu and cY 1 uw. =I 
is readily shown that the equation of continuity in these co-ordi- 


nates 1s 


O*> 


1) Ou 


where # is the velocity potential of the entire flow (1, 2) 


The ellipsoids, which have semimajor diameters a, and semi- 


minor diameters }, are assumed to be separated by a distance 2h 
and the triangle OO'P in Fig. 1 
re lated by 


From Equation [1 it is seen that 


the two co-ordinate svstems are 


and 


thy 


f L-quation [2 


The solution « 


rallel to its n 


for the flow about an ovary ellip- 


ijor axis in a fluid of infinite extent 


solid moving | 


which forms the starting point of the present Investigation, is 


condition at the surface of 


given by Lamb (1). The boundary 
the ellipsoid, & i Lie 


ellipsoid, is 


‘here ¢ is the eccentricity of the 


yt O27 
0: Os 


is the veloeity of the With this condition and the 


body 


fluid be stationary at 


where [ 


condition that the infinity, the solution is 


where 


This solution is given in terms of the so-called zonal surface 


the first kind or Le gendre coefficients P,(u), and 


second kind, 


the flow pattern is symmetrical with 


harmonics 


the zonal harmonics of the Q,(2), in each case (3) 


with n l In this case 


respect to any axis of the ellipsoid 


The velocity potential , which is a solution of Equation | 2] for 


the flow about two ellipsoids, may be written in the form 


solution of the problem of the real 


is the 


where the potential ¢ is the 


ellipsoid passing a stationary image, and ¢ solution for the 


the end of 


Numbers 


parentheses refer to the Bibliography at 
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image passing the stationary real ellipsoid, both evaluated at the 


instant the ellipsoids are abreast. In order that the model be 
undeformed, there must be no crossflow through the surfaces of 
the two ellipsoids. This requirement and the boundary condition, 
Equation [4], impose the boundary conditions on the real ellip- 


soid, é 


and on the image ellipsoid, £ 


O¢ 


de 
0 and ri {oT 
0 


The exact solution of the present problem can be accomplished 
by an expansion of @ in the associated Legendre (4) polynomials 
P™ (uw), Ps), and Q,"(5), 


in the sense of the single ellipsoid in an infinite stream 


since this case is not one of symmetry 
However, 
the extreme complexity of the expressions which must be con 
sidered in the evaluation of the successive images by such an exact 
expansion, if not entirely impracticable, will certainly lead to very 
unwieldy expressions with a resultant loss in attractiveness for 
applications. As a result, a procedure has been adopted which 
leads to an approximate solution that approaches the exact solu 
tion in the limit as the ellipsoid recedes from the wall. This ap 
proximation is essentially an evaluation in a power series of asso 
land m 0 


ibout an ellipsoid in an 


ciated Legendre polynomials but with n 
Starting with the solution for the flow 
infinite [5l, the 


stream, Equation potential function ¢ in the 


neighborhood of the image, assuming for the moment that the 


image is at rest, is, with the aid of Equation [la 


1) 10) 


of the 


i portion 


In place of an exact evaluation of g over the surfa imag 


assume, instead, that the image ellipsoid lies entirely on 


of the ellipsoidal surface confocal with the real ellipsoid‘ and which 


passes through the center of the image. The semiminor diameter 


of this surface is ¢y/¢2 1 2h. so that. sine ae 


1 fh 
\! + — ) ay) 11] 
¢,* a 


induced velocity 


Therefore, in the neighborhood of the image, the 


potential due to the real ellipsoid is, approximately 


‘) 
{12} 
n 


This potential produces a normal velocity the surface of the 


image proportional to 


13] 


It is easily verified that the term Equation [13] is canceled by 


addition of the pote ntial 


first 
two 


what analogous to the 
flow 


approximation 


‘ This method of approximation 
shown by 

to the same degree of 
better 


solution amt 1) for the about 


steps in the 


spheres. However the present 


solution might be expected to give omparative resulta, since 


with the real 


surface con 


the image ellipsoid ‘‘fits’’ the ellipsoidal surface confoca 


ellipsoid better than the image sphere on the herical 


entric with the real sphere Of course as ¢ > 0, this advantage 


disappears 
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is obtained. This is the desired approximate solution for the 


velocity potential of the flow about an ellipsoid near a plane wall 


DERIVATION OF Pressure DistrRIBUTION 


To determine the pressure distribut 
is convenient t wry out 
| 
l [14 ordinates. Let 


Equation [14 
represents the potential of the first « quivalent source image in the 
image ellipsoid 


and that ¢,’ satisfies the equation of continuity 


Using the assumption, Equation [11], the potential g’, in the 
neighborh vod of the real ellips« id, takes on the value 


With this notation 


? 


[16 [25] 


The law of formation of the successive 


images is now clear 
Remembering that an exactly similar process must be carried 
through, starting with the image ellipsoid and holding the real 


Superposing a uniform velocity ential to 


motion to one of flow past a stationary 1 


transform the 
odel, the equation of the 
potential becomes® 
ellipsoid at rest, the potential function for the entire flow, after 
evaluating all the images in the foregoing manner is 


, approxi- 
mately 


The velocity 

are, then 
For the infinite series to be absolutely convergent, it is sufficient 
to require only that 1/n > ¢o, since, from Equation [11], 7? 2 1 
for all values of h/a, and 0 < e < 1, Le 


, the series converges 
absolutely for all values 


18 


Furthermore, with this requirement, the solution converges every- 


where on all ellipsoids 0 < e. < 1 and everywhere in the field 

Finally, by applying the formula for the sum of an absolutely 
convergent geometric series, and putting in the value of the con- 
stant A from Equation [6], the expression 


5 This procedure is equivalent to finding correctly the effects of each 
I i . 
image potential but carrying out the successive cancellations by means 
of the approximation £° = 7 ” 
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The pressure distribution, in nondimensional form, is P,(u) Q:(E), the velocity field will be a symmetric one. Never- 


theless, @ may be expected to give an approximately correct 
average distribution over the entire surface, and, because of the 
simplicity of the expression for the pressure distribution, appears 
worth while for rapid estimates of an average wall effect. This 
approximation will underestimate the effects near the center and 


where p is the pressure at the surface of the ellipsoid, po is tl , a 
} abaats : ‘ ‘ — ware a i P e overestimate toward the two ends That this is the case can be 


pressure iD the undisturbe d stream, and p is the mass density ol seen Irom the fact that the expansion oO: images by approxima- 
the fluid ae 
pi ; : tions of the type, Equation [12], is equivalent to a rectilinear 
calculate the er distribution on any ellipsoid surface flow, which evidently will give velocities that are too low at the 
confocal with the real ellipsoid, it is only necessary to replace center and too high at the leading and trailing ends. In general, 
@ by « and & by 1/e whew ¢ is the eccentricity of the confocal it might be expected that the velocity distribution will most 
ellipsoid. In addition, the values of a and 8 reduce to closely approximate that along the meridian parallel to the wall 
The velocity components in the direction of increasing xu, , 
and w, in the neighborhood of the real ellipsoid, are 


> 


Otherwise, the substitutions, Equations {20] through [25], must 


be used 
DERIVATION OF AN “AverRaGE” Pressure DistrispuTion 
To the same degree of approximation as the original calculation 


of the image effects, the potential, Equation [19], with a super- 
posed uniform flow, is 


w= vs far elsn(1)(t43)—(0+)]} 


Since this function is essentially an expansion in a series of raluating Equations [31] on the surface of the ellipsoid, & = 


1) Ow 
{30} 
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1/eo, and putting « = = z/a, only the tangential component 


*(“S) Wr 


To this degree of approximation, then, the pressure distribution is 


remains 


3la! 


2 
sin? 6 


where 


and @ is the angk between the normal to the surface of the ellip- 
soid and the direction of motion 


As » — ©, Equations [29] and [32] reduce to the familiar 


result for an ovary ellipsoid in an infinite stream 


) ex Le? 2 
: ; = | sin? 6 
l Vall f ) 


yl? 
+. 


Vevociry DisTRIBUTION ON THE “WALL” 


For any point on the wall, put y h, 


Equations [28], so that, on the wall 


B é 
In 


5 


Comparison Wrirn ExpertMentTAL Resutts 


Experime nts to check the solutions were carried out in the 


free surface water tunnel of the Hydrodynamics Laboratory of 


the California Institute of Technology (5). Pressures were meas- 


ured on ellipsoid models having length-diameter ratios of 4 and 
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1 COMPARISON OF ME 
S OF MINIMUM PRESSURE 
THE HALF-MERIDIAN CLOSEST 


ASURED AND COMPUTED 
COEFFICIENTS (z/a = 0) ON 
TO THE WALL 


Distance 
from 
wall in 
diam 
A “4; 


Measured 

faired I 

values ati j jyuation [32] 

P2 Per cent 
deviation 


which were held at various distances from a plate simulating 
wall For these forms, the measurable pressure defects due 
to viscous flow are confined to the after 25 or 30 per cent of the 
The boundary- 


was negligible for the 


length independently of the Reynolds number 


layer thickness of the plate separations 
between plate and model in these tests. For facility in mounting 


the models, it was necessary to use a straight cylindrical middle 
body over 7 per cent of the 4:1 ellipsoid and 5 per cent of the 6:1 
ellipsoid, with resulting discontinuities in the slopes and curva- 
tures of the surface at the ends of these cylinders 
Although 


deviation between theory and experiment in this region, the values 


these discontinuities are such as to increase the 


obtained are sufficient to indicate the ranges of usefulness of the 
solutions 
An example of data is shown in Fig. 2 


distributions for the 4:1 


in which are compared 


the measured and computed pressure 
ellipsoid at a distance of 1 diam between the plate and center of 


the model (1 radius separation Since the largest deviations may 


injmum pressure mi the 


j 


ymputed and 


be expected to occur at the point of n 
measured data 


Table 1 for 


meridian closest to the wall, the « 


are compared for this point; the results are given in 


all measurements 
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Influence of the Dimensional Factors 


S on 


Mode of Yielding and Fracture in 
Medium-Carbon Steel—IT 


The Size of the Round Tensile Bar 


By JULIUS MIKLOWITZ,? 


Test results show an increase in axial strain, average 
true stress, and maximum true stress at the minimum 
section of the neck of a round tension bar at fracture when 
the size of the bar is decreased. An explanation is given 
for this size effect on the axial strain. It suggests that 
the restraint on the flowing material at the heart of the 
neck, created by lateral stresses induced by the adjacent 
stagnant material, 
the stagnant material; hence the bar diameter. Some 
metallurgical variations in the data are analyzed and dis- 


cussed. 


INTRODUCTION 


ART I (1)? of this investigation was devoted to a study of 
Pu: effects of geometry and size variation on the mode of 
vielding and fracture in flat tension bars of medium-carbon 

This work was further extended to include 


steel a group of tests 


on round tensile bars of the same steel where size was varied under 
geometric similarity 

The local necking phenomenon associated with the fracture of 
of this 


a round tension bar is well known. It was the 


effects 


purpose 


work to investigate the of size variation on this fracture 


process 
The body of this paper rep rts observations and calculations 


made on the stress and strain values associated with the pro- 


gressive necking process and fracture. The linear 


16 to | 


size range 


covered was the largest specimen reaching a diameter 


of 3 in 
SPECIMENS AND MATEXRIAI 


The testing machines used in this investigation already have 
been discussed l 


A series o 
Later two additional large 


The round tensile piece is shown in Fig. 1 
used 
Nos 


ten of these specimens (two of each size) were 


bars were prepared (specimens 
Parts I and IT of this work have partially fulfilled the requirements 
for the degree of Doctor of Philosophy at the University of Michigan 
The experimental work estigation was carried out at the 
Westinghouse Research East Pittsburgh, Pa., during 
1945 and 1946, under with the David Taylor Model Basin 
of the Navy Department, Bureau of Ships, Washington, D. ( 
Formerly Research Eng Westinghouse Research Labora- 
tories. Fast Pittsburgh. Pa at the Unive of Michigan 
> Numbers in parentheses refer to the B at the end of 
the paper 
Presented at the National Meeting of the Applied 
Division, Ann Arb Mich June 13-15, 1949 
Society oF Mecuanicat ENGIneers 
Discussion of this paper should be addre 
ASME, 29 West 39th New York, N y. 
until July 10, 1950 pub ition at 
ceived after the ! lat | be 
Nore: Statements ar pinions 
understood as individual expr 
of the Society Paper No. 49 


of this im 
Laboratories 


ineer 
leave sity 


ibliography 


Mechanics 
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Street 
a iater 
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advanced 
f their 
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essions ¢ 


is dependent upon the diameter of 
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DIMENSIONS (INCHES 


SPECIMEN NO. Z, RADWS 





3.000 15.000 12.750 





1.500 





a7s0 





3 
a 0.375 





s 0.188 0.797 


6 0.938 




















THE LARGER SPECIMENS WERE UNDER CUT I% IN DIA. 
AT THE CENTER OF THE GAGE TO CONTROL THE FRAC- 
TURE LOCATION. 


Fic. 1 Rownp Bars ror Sexies On Size Vaniation 


11 and 12) and tested. The diameters of the bars tested were 


3, 1.5, */¢, 3/s, and s in., chosen according to a geometric pro- 


gression, each specimen being one half the size of the one larger 


than it. Geometric similarity was kept in all by making the 


gage length 5 times, and gage radius 4.25 times the diameter 
The larger specimens were undercut 1 per cent of the diameter at 
the center of the gage length to control the fracture location 


To prevent any concentration of stress the profile of the under 
cut was made a large circular are 
us the 


The round bars were cut from the same heat of material 


flat specimens of Part me Billets 4 x 4 


Ih. in CTOSS see 


tion served the purpose 


MEASUREMENT OF STRESSES AND STRAINS 


In the 
direction on a particular cross section is given by @ P/A 
P is the i the 


is under this load The data for the 


round tensile bar the average true stress in the axial 


where 
urea of the section when the bar 


tensile load, and 


stress were easily obtained 
diameters of 


dropped off a little from the 


liame 


by measuring with micrometers the 


after the 


particular 


interest load was 


value recorded The data ters was also useful for cal 
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culating the mean value of unit conventional strain in the axial 
direction, since this is given by the relation « = (Ao/A) — 1, 
where Ao is the original area of the strained section A (d, is the 
diameter of section Ao). The sections along the bar were circu- 
larly marked to facilitate measuring them 

Fig. 2 is a reproduction of a figure (Fig. 7) of a paper by 
Davidenkov and Spiridonova (2), showing the distribution of 
the stresses in the minimum section of the neck of a round tension 
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DisTRIBUTION OF Stresses 1N MinimuM Section oF Neck 
or Rounp Tensi_e Specimen 


Davy 


Fic. 2 


According t« jenkov and Spiridonova, reference 2 


specimen. The maximum true stress in the axial direction, it 


can be seen, comes at the center of the bar, at the pe ik of a p irab- 


ola representing the axial true stresses. The relation repre- 


senting this function is given as 


om “| 


minimum section ol 


R 
R 


where a is the radius of the the neck and R 


the radius of curvature, at and near the minimum section, of the 
the neck the This 


was used in the present work; a and R were measured photograph- 


contour of in meridional section relation 


ically 
In Fig. 2 the octahedral shearing stress is seen to be a constant 


SIZE INFLUENCE ON STRESS AND STRAIN 


rABLE 1 


A verage Average true stress 
iltimate 
Value, 4 ‘ Value, 
psi 
1440007 ¢ 
150000 f 


true stress at 
vad® 
pes 
81600 
82600 


147000 * 


78700 
78700 


137000 | 


134500 135800 


83700 
85200 


136000 | 


33000 134500 | 


84500 
80200 e 


80700 80500 113000 t 113000 


90500 f 
90500 Tf 


; . 79800 
80300 


80100 90500 * 


10 
133800 
97800) 


84500 
84500 


114 
12¢ 


84500 133800 


strain value of 0.22 

the relations derived by 
‘* 

nm 


ated at an axial 
ulated by the use of 


The my 


These stresses were 


ken aris 


Average tr 
nun 
Specimen 7 


Specimen 8 


4’ Later tests t Julius Aronofsky 
e ates how the va 
A spec 


The arrow indi i be corrected (increased * or d 
taken int 


billet section 


nen fron 


and Fig 


account 
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Davidenk 
and 8 at the necking | 


section 
105500 
107000 


creased | ) if 


let center showed lower true stresses and 
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over the entire section. The octahedral shearing stress is de- 
fined by the relation 


F 
V (01 — a2)? + (og — 3)? + (0; 


3 
where o;, o2, and o; are the principal stresses. In the quoted 
work (2), it was found that at any point in the minimum section, 
the radial and tangential stresses are equal. The relation for 
octahedral shearing stress therefore becomes 


The 


o2) is Sometimes called the effective stress and is a 


where o, is the axial and o, the radial or tangential stress 
quantity (¢ 
If we denote 


The effective 


constant over the minimum section of the neck. 
0.47 « 


the effective stress by o,, we have ~ * 


stress is given by the relation 


a 


iR 


The octahedral shearing stresses r) in the present work were al- 


culated using these relations. 
STRESS AND STRAIN IN THE NECK AS INFLUENCED By Size oF Bar 


The results of the tests are presented in Table l, the quantities 
in this table being reproduced for various sizes of the specimens 
various diameters Figs. 3 and 4 
differences in the values of Table 1 
fluenced the local necking process and the accompanying stresses 
the 


in As shown by the large 


the size of the test bar in- 
and strains. Over the 16-fold range of the increase in size, 
variance in average true stress at the ultimate load is slight and 
he 


vicinity of the ultimate stress, 


no general tre nd is evident Since stress-strain curves were 
flat in the 


had to be made to compare the stresses at the 


very a choice in strain 
ultimate load 
A unit conventional axial strain of 0.22 was used for the values 
appearing in Table | 

Table 1 and Figs. 3 and 4 show 
s1Ze, the average true and the maximum true stress at tracture, 
The octahedral 


that, with an increase of bar 


and the unit axial strain at fracture decrease 
shearing Stress at Iracture decreases slightl 


TENSION BAR 


psi 
173000 
178000 f 
162500 


157500 


159500) 
157000. 
127000 * 46700 
13200 * 41300 
93200 T 41300 
155500 


144200 


51600 
38000 


and Sy on a (2 
vad of 100,000 lb (just before fracture) is as follows 
1¢ stress in Unit « 


»f the original billet is 
from the outside portion of the 


n the 
nen taken 


f the ecimen's position ross section 


axial strain than the speci 
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i 2 
DIAMETER OF SPECIMEN do (INCHES) 


3 Ixrivence or Size or Specimen on Stress 1n Minimum 
Section or Neck or Rounp Tension Bar at Fracture 


Fic 


These stress and strain values (with the exception of the octa- 
hedral shearing stress) have been influenced by the position of 
billet from which 
Speci- 


the specimen in the original cross section of the 
the cut. Fig. 5 shows the cutting plan. 
mens Nos */, in. diam) and 3 (3/5 in. diam) were cut 
from the outside parts of the billet, whereas specimens Nos. 4 
diam) and 5 and 6 (*/\ in. diam) were cut from the cen- 
As a check on position, bars A and B, shown in Fig. 5, 
were pulled to fracture. Table 2 gives the results. 

If we assume that the average of values given in Table 2 of 
specimens A and B are the values of a specimen unaffected by 
position in the billet (this specimen lying between A and B), then 
the stress and strain values at fracture of each of bars 1, 2, and 
3 are somewhat high, and bars 5 and 6 low. Bar 4 lying between 
A and B probably was not affected by position. If the values in 
Table 1 were regen for position, specimens 5 and 6 would 
2, and 3 lower st: esses and strains. A further 
5, and 6. Com- 


specimens were 
l and 2 


*/s in. 
tral parts. 


have higher and 1, 
check on position is given by the specimens 3, 4, 5 
3 shows the higher values; 


paring 3 and 4 in Table 1 this repre- 


TABLE 2 By. UENCE OF POSITION OF SPE 


TRAIN IN MINIMUM SECTION O} 


Average 
stress at 
fracture 

psi 
137000 
140000 


Size, 

Specimen diam 
no. in 

bar center) 0.357 

bar outside 0.357 


A 
B 


® Calculated according to Davidenkov and Spirid 


sents not a great difference, but one that is in line with the tend- 
ency shown by the position of specimens A and B. Comparing 
specimens 5 and 6, 6 shows the higher values, which again is in the 
At a first glance, the differences in the strain 
values for the */s-in. (3 and 4) 
5 and 6) might be attributed to the position effect, 
2 (also from the outside of the billet 


- 


right direction 
and the */,-in-diam specimens 
but if this 
were so, specimens 1 and 
would have to show larger values than specimens 5 and 6. A 
glance at the rest of the table verifies the size effect. On the basis 
of the position influence, 8, 9, and 10 show some- 
what low values, since they were cut from the center of the 
4'/-in. billet. Bar 8, being only 1'/; in. diam as against 3 in. 
for bars 9 and 10, would be affected more. 
There is an arrow alongside each value 
An 


signifies a higher, and a downward arrow ( | ) 


specimens 7, 
A'/s 
“ 
The position influence 
is indicated in Table 1 
indicating how the value should be corrected for position. 


upward arrow 
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OMENSIONS IN INCHES 


Fie. 5 CuTrtina PLans ror SMALL SPECIMENS 


CIMEN IN ORIGINAL BILLET ON STRESS AND 
NECK OF A ROUND TENSION BAR 


Octahedra! 
shearing stress 
at fracture,* 


Maximum true 
stress at 
fracture 
psi 
155500 
1462000 


a 
56000 
55000 


mova le 
Table 1 
more pronounced form, 
In Figs 

Specimens 


9 


a lower value orrected for position shows, in a much 
the size effect on stress and strain values 
in Table | are shown 
Mr Aronofsky* 
identical specimens 9 and 
of the 


3 and 4 arrows similar to those 
ll tested by 
almost 2 years 
10 had been made 
the reason for the additional tests with specimens 11 and 12 of the 
As Table 1 shows, considerably great differences 


and 12 were Julius 


after the tests on the 
Premature fracture latter two was 
largest-size bars 

found in the 
The fractures were entirely different 


discussed later. 


earlier and 
This will be 
, identical in shape to 9 and 
It should be 
for 12 


were stresses and strains between the 


later tests. 
Specimens 11 and 12 
10, came from the same heat of steel as 9 and 10 


mentioned that the load observations at fracture made 


* Research Engineer, Westinghouse Research Laboratories, East 


Pittsburgh, Pa. 
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SPECIMEN 9 


Fracture Surraces or Two 3-In-Diam Tensi_e Specimens 


Gage length, 15 in 


are believed to be erroneous, hence the probable incorrect 


stresses. 

The influence of the position of the specimens in the original 
billet, it was felt, was associated with a nonhomogeneity of struc- 
ture in the billet cross section. The premature fracturing of the 
large specimens 9 and 10 gave convincing evidence of this. Fig 
6 shows the fracture surfaces of these two large bars In speci- 
men No. 9, particularly, a lighter ringlike outer region surrounds 
a dark central region of seemingly different structure. The same, 
but not as large, central region is shown by specimen No. 10. It 


was not the purpose of this investigation to enter into the metal- 


lurgical details involved, but the outstanding discrepancies, suct 


as the position effect and the abnormal fractures in bars 9 and 10, 
suggested some research along metallurgical lines 

Schane (3) has noted central ‘dark spots,” as they were called, 
similar to those exhibited by bars 9 and 10, in fractures of smaller 
specimens ol structural steel It was shown that this condition 
and the accompanying low ductility were due to a coarse grain 
size in the steel in its as-rolled condition 


The perfeet cup-and-cone fractures exhibited by bars 11 and 
12 (11 is shown in Fig. 7), along with their large maximum-strain 
values in the neck at fracture, suggested the search for possible 
metallurgical causes-for the differences observed in the fractures 
of bars 9 and 10 and the later tests 11 


and 12. Comparisons of 
bars 10 and Il were made 


Cross-sectional slices, taken fron 
points of the gage length of these bars which had undergone 0.20 
unit conventional axial strain, served as specimens for producing 
macroetches. The results are shown in Figs. 8(a) and (6 \ 
comparison the sulphur prints in Fig. 8(a@), reveals a faint 
square-shaped segregation zone in the ease t specimen | 
The large white spots are due to air bubbles and should not be 
taken into consideration Fig. St? exhibits the same slices 
ufter thev were method of etching The 
same segregation 


| emingly d ot it n the ture To elimir 
Mention should be made of the fact that t racture surfac t urfa serate in tk ter tested | 1 photogrid 

of 10 was coincident th a machined line I scratch wl plied (o s] m The aut! taches more impor 
had been applied for n ring purposes ' possibilitv tha t nuniformitv of t tructure due to tl 
a stress concentr on i et t : machined line, influer re fractures in b 


the premature ft r t Lowes wecimen No. 9, whict t 
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Specimen No. 10 


Fic. 8(a) Comparison or SuLPHUR PRINTS OF 


Specimen No. 10 


Fig. &(t COMPARISON OF MackROETCHES OF ¢ 


That segregation is an important factor in ductility studies has 


been pointed out by others tecent OSRD work by Mehl 


Wells, and Fetters (4) and a second report by the first two authors 
5) contain information along these lines Their work entailed 
a study of the ductility associated with different-type fractures 
in tensile bars of steel used in gun tubes (alloy steels They « 

fined four types of fractures, which in order of decreasing duc- 
tility are the cup and cone, angular, irregular, and laminated 
britule. Specimens and 10 of this work would fall into the 
first and last respective lv, of the quoted categories Bar No. 8 
of this work, which showed a comparatively low strain value (se« 
Table 1), probably would fit into the “irregular” fracture type 
No record of this exists, however They state that the brittlh 
fracture is commonly caused by the presence and segregation of 
extraneous ractory inclusions Mention is made that the in- 
clusions tend to localize into one part of the ingot and are respon- 


sible for low dt 


This, then, seems to be a possil le explanation 


Specimen No. 11 


Cross Sections or Larce Bars 


ROSS SECTI 


shaped segregation zone and its inf 


uence in specimen 


for the square 


10. The 


shape of the zone evidently was produced by the rolling of the 
billet 


showed that only 60 per cent of the tests produced a pure cup 


The large number of tests 


and-cone fracture Hence in this 


large 


SIZ 


made by the authors (4, 5 


there is the suggestic 


m that a 


number of tests should be made in an investigation of the 


fractures (optimum ductility) shoul 


ent 


ture 


work, then, only specimens 11 


slong with the smaller-sized 


sidered in the plots in Figs. 3 and 4 


size is brought out in Fig. 9 


I be compared. In 


effect, and that only specimens exhibiting cup-and-con 


the pres 


und 12 (cup-and-cone frac 


specimens, have been con 


The distribution of the axial strain in the neck as a fu 


ll and 12 are compared 


influence the strain values along the 


‘ 


the 


deepest portions of the neck 


1 size Of specimen 
gage length (in the 


in & manner similar 


netion of 


If the curve of specimen | and that 


seems to 
vicinity 


to its in- 





JOURNAL OF 


APPLIED MECHANICS 





—SPECMEN 12) 
SPECIMEN = do +3) Gi.-8} 


a aes 


5 


SPECIMEN 8 ~ do*14,G.L.=7.50" 


4 


SPECIMEN I- doe $,6.L. + 3.75" 


° 
aT 





UNIT CONVENTIONAL STRAIN (€ + 4-1) 
2 


° 
e 


° 
> 














LONGITUDINAL AXIS OF BAR — 


DisTRipuTION OF AXIAL STRAIN IN NecK oF Rounp TENSION 
Bar aS A Function OF Size or Bar 


Fia.9 


(All bars at fracture 


fluence on the maximum values; the smalier the bar the higher 
the strains 

The progressive axial-strain diagrams for specimens 1, 8, 9, 11 
and 12 are shown in Figs. 10, 11, and 12 


in each of the figures reflect the successive stages of necking 


The numbered curves 
Tae 
abscissas of the smaller specimens have not been increased 

as in the flat-bar work of Part 
gage material due to the action of 


these figures. The curves indicate, 
I (1), that the restraint on the 
the specimen heads produces a minimum section before the 


ultimate load is reached. They also show the localization phenom- 


enon, that is, the straining tends more and more to become re- 


stricted to the immediate vicinity of the minimum section of the 
| 


neck as the necking process continues 


and (6) show the fractured necks 


graphs of the smaller specimens have been magnified 


Figs. 13 (a) The photo- 
That the size effect is a recognized factor in the plastic flow and 
In a recent 
survey for the Navy Department of the literature on the fracture 


fracture of metals, has been brought out by others. 


problem, Gensamer, Saibel, Ransom, and Lowrie (6) mentioned 
the more important approaches toward explaining size phenom- 
ena. Significance is attached to a statistical-theory explana- 
tion 

Lubahn, and Ebert (7) has a detailed dis 
This, together with a paper by Davidenkov 


Shevandin, and Wittman (8 


\ paper by Brown, 
cussion on this work 
do much toward establishing the 

statistical theory” 
effect 


It will be recognized in reading the for egoing 


as the most probable explanation for the size 


describes the statistical theory 


Paper (7 
ry literature that the 


focus of attention in size phenomena has been directed toward 


notched-bar testing (both bending and tensile) in which a stress 
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gradient is dealt with. Brittle materials under high speeds o 


testing form the bulk of the work. The paper (7 emphasizes that 
the size effect is a property of ductile materials also 
ht out 


The present work has broug a size effect in ordinary uni- 


form tension bars of a ductile material. On the basis of what was 
stated in Part I (1) of this paper, the author favors explaining this 
influence of size in an analogous manner to that presented fo 
flat bars in Part I. 


toward the vicinity of the minimum section of the neck, as ne« 


The localization of straining more and 1 


ing progressed, was brought out in Figs. 10 and 11. The produc- 
tion of a thinner and thinner disk of flowing material at the heart 
of the neck is probable. It is believed that the contraction of this 
disk diameter depends greatly on the lateral stresses in the plan: 
of the disk, which are created by the restraint of the adjacent 
stagnant material on the disk, and which increase with the 


crease of diameter of the bar (diameter of adjacent stagnant ma- 
terial depends on this bar diameter). 
The curves in Figs. 3 and 4 seem to indicate that the greatest 


change due to size variation is in the range of smaller spec 


An actual limit of dimensional influence is suggested by 


curve, except the octahedral shearing stress which is only slight 
affected in its entirety 

On the A. Nadai the 
lurgists of the Carnegie Illinois Steel Corporation in Pittsburg! 
Messrs. W. T. Lankford and T. M 
Carnegie Illinois Steel Corporation, expressed the opinion that the 
size effect 
of a small quantity of occluded hydrogen gas in the steel. Mr 


suggestion of Dr advice of the metal- 


was requested Garvey of the 


, as exhibited here, might have been due to the presen 
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Fie. 12 Prooressive 


Specimens Nos 
Lankford quoted Korber,’ who discussed the possibility that a 
decrease in hydrogen content with time might be the cause of an 
increase in ductility. According to Messrs. Lankford and Garvey, 
the specimens tested a short time after the steel rolling had a low 
ductility because of their relatively high hydrogen content. After 
hydrogen diffused out of the steel and the ductility 
inere They believe that the hydrogen diffused out of the 
smaller specimens with sufficient speed to enable these to show 


tl 


time 


some 


ised 


high ductility while the hydrogen in the two 3-in-diam bars 


* ASTM Proceedings, Part A, 1937. 


3 i) -3 
——— LONGITUDINAL AXIS OF BAR 


AXIAL-StRain DIAGRAM 


5 a 


- 


in Neck or Rounp Tension Bar 


9, 11, and 12 


at testing Contrastingly 


‘sted alter a tume interval 


(Nos 10) had not yet escaped 
the similar specimens Nos. 11 and 12, t 
2 vears, had lost the occluded hydrogen 
that the to 
roughly as the square of the linear dimensions of the bar cross 


9 and 


of Statement is made 


time necessary reach maximum ductility varies 


section 
REFERENCES TO THE LITERATURE 
The amount of literature on the size effect in the static testing 
of round uniform tension bars is small. As has been stated, most 


of the work on size phenomena has been directed toward notched- 
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Specimen No. 11 
Original diam, 3 in 
Gage length, 15 in 


Specimen No 
Original dia 
(sage length 


Specimen No 
Orginal liar 1! 

Gage length, 7 

Fig. 13(@) Suare or Neck or Rounp Tensiie Bar as INFLUENCED By Size oF | 
gage-length-to-diameter ratio was 26.6. They varied the size by a 
For comparable hardness values (approximately 


ultimate strength increased 


bar testing, static and dynamic. Reference (7) covers ‘a great 
deal of the literature on this 

9) report early findings of Bach 
ect in uniform tension testing in round 


factor of 2 only 


10) con- 73 Rockwell B) they found that: (a 
and (c) reduction in area decreased as 


Lyse and Keyser 
b) elongation decreased 


bar diameter decreased. The latter two are evidence of a trend 
opposite to that in the present work 


diameter increase 

gage length as long as the gage length-to-diameter ratio remained the absolute length of specimen is the 

reduction in area was independent of diameter ther words, with greater size, geometri 
and possibly this means 


with the present findings. Lyse 


cerned with the size e 
Bach noted that: (a) 
Hb) € longation was indepe ndent of diameter and 


strength decreased slightly with a 
It suggests that perhaps 


bars 

important variable. Ir 
similarity remaining, 
the absolute length larger less re 
due to the heads, over the 
their belief in 


constant; and (« 

These of course are not in line 

eport on their own results that the reduction of straint, major portion of the gage 
attributing size 


and Keyser (9 

area remained constant when bar diameter was varied length. The authors mention 

and Clark (11), working with annealed copper 
stress-strain curves for different-sized wires 

decreases characteristics migt 


Duwez, Wood variations to a nonuniform distribution of impurities in the dif- 
wires, report that tions Mention is also made of the possibility that 
indicate an increase in ultimate strength as wire size t be more influential in the small 
In fact, all stress ordinates mg the curves show the same trend possible greater strength at surface 
The elongation was not affected by size rhe range of wire sizes 
SUMMARY 


was from 0.20 to 0.05 in. (4-1 
The size of the round uniform tension bar was found to have an 


12), static tests were run on 
Lits ompanying stre 


by these authors 
The influence on the local 


In a second paper 
ilar specimens of annealed SAE 1020 steel necking process an 


geometrically 
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Specimen No. 1 
Original diam, */«in 
Gage length, 3*/41n 


Specimen No. 3 
Original diam, *’s in 
Gage length 17/s in 


Specimen No 
Original diam 
(rage length 


Fic. 13(6) SwHape or 


Specifically, the test results indicated 


and strain characteristics 
that the axial conventional strain in the minimum section of the 
neck at 


metric 


fracture increased as the specimen size decreased (geo- 


The average true stress in this 
section and the maximum true stress at the center of this section 


The 


showed a 


similarity remaining 


at fracture also increased with a specimen-size decrease 


octahedral shearing stress, a constant over the section 
trend, but not as great, similar to the other stresses. The stress 
and strain values were influenced by the original position of the 


specimen in the cross section of the billet from which the speci- 


mens were cut The foregoing stress and strain values, with the 
found to be 
billet 


strengthened the 


exception of the octahedral shearing stress were 


higher in the specimen cut from the outer portions of the 
cross section Taking this fact into account 
observed size effect 

Metallurgical 


plaining this position 


considerations are taken into account in ex- 

effect on axial 
k at fracture is attributed 
neck on the 
Inferred in 


influence The siz 
strain in the minimum section of the ne 

straint influence of stagnant material in the 
flowing material adj acent to it 


easoning that the stagnant material creates restraining 


plastically 
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Specimen No. 2 
Original diam, */+in 
Gage length, 3*/4in 


Specimen No. 4 
Original diam, */s in 
Gage length I’ /s in 


Specimen No 


Original diam ein 
Gage length isin 


Neck or Rounp Tensite Bar as Inevenced By Size or Bar 


lateral stresses in the plane of the thin plastic disk at the heart of 
the neck, and these lateral stresses increase with an increase in the 
diameter of stagnant material. The thin disk is produced through 
localization of straining, that is, the tendency of the straining to 


become more and more restricted to the immediate vicinity of 


the minimum section 
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Gaskets and Bolted Joints 


By IRVING ROBERTS,' JEANNETTE, PA 


This paper consists of a study of the loading require- 
ments of gaskets in bolted joints, with the object of de- 
veloping a rational basis for design of such joints. Starting 
with an analysis of gasket conditions for tightness, the 
gasket factor m is defined, and its variation with initial gas- 
ket stress and gasket width is predicted. These trends 
are confirmed by a survey of the available literature data. 

In a bolted joint, gasket stress becomes a function of the 
elastic constants of the system. Equations are derived 
to predict gasket and bolt stresses resulting from applica- 
tion of internal fluid pressure, and typical elastic recovery 
curves for an asbestos gasket are presented. Considera- 
tion is given to the effect of gasket creep in a bolted joint, 
and to the problem of distribution of bolt load, for which 
an approximate theory is derived. 

On this basis, defects in the ASME Code are pointed out, 
and a tentative new design procedure is proposed. Finally, 
a summary of data which should be obtained for use with 
the new design procedure is given. 


NOMENCLATURE 


The following n 


ymenclature is used in the paper 


effective cross section of bolts, 8q in 
gasket area, sq in 
internal area, sq in 
modulus of elasticity of bolts, 
modulus of elasticity of gasket, 
bolt circle diame ter, in 
f inertia, in‘ 
applied load, Ib 
tb,B, 

, dimensionless 
db,E, 


effective cross section o 


moment ¢ 


f one bi 
width of flange, in 
width of gasket, in 
thickness of flange, in 
modulus of the foundation, psi 
effective bolt length, In 

= gasket factor, dimensionless 
internal pressure, psi 
unit load on foundation, psi/in. of length 

gasket thickness, in 

jistance from point of concentrated load, in 


deflection of beam on elastic foundation, ir 


‘lk 

in 
Vie 
deflection, in 
strain, dimensionless 

! Division Engineer, Process Division, Research and Development 
Department, Elliott Company, Mem. ASME. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 27-December 2, 
1949, of Tue American Society or Mecuanicat Enoineers 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until July 10, 1950, for publication at a later dat 
ceived after the closing date will be returned 

Note Statement and opinions advanced in 
understood as individual expressions of their authors and not those of 
the Seriety Paper No. 49—A-2 


Discussion re- 


papers are to be 


= bolt stress, psi 
= gasket stress, psi 
= bolt spacing, in 


INTRODUCTION 


When considering the universal use of bolted flange connec- 
tions, and the fact that there exists a set of rules for the design of 
bolted joints in the ASME Code, it is disconcerting to find, in a 
American literature, not a single paper which gives 
either an analytical or an experimental study of the gasket condi- 
Several Euro- 


survey of 


tions which make for tightness in a bolted joint 
pean experimental papers have appeared (1, 2),? and these are ap- 
parently the only available source of data on gasket loadings re- 
quired for tightness Published data on elastic properties or 
creep properties of gaskets which are important for bolted-joint 
design are also notable by their absence 

It is hoped that this situation will be rapidly ameliorated by 
the adoption of an experimental program which is now being 
considered by the Subgroup on Gaskets of the Boiler Code Special 
Committee on Rules for Bolted Flanged Connections. The pres- 
ent paper is intended to provide the foundation for such an ex- 
perimental program in that it presents an analytical treatment 
of the factors which relate to joint tightness, reviews the availa- 
ble data, and proposes a tentative new design procedure 


Gasket Conpirions ror TIGHTNESS 


Theoretical. It is difficult to define what is meant by a “‘tight”’ 


joint. The dk gree ol tightness of a joint can be defined on the 


basis of the rate of leakage of the process fluid under known 


mditions. However, the ability to measure such a 


that the 


wessure ( 
I 


rate implies joint is not tight, unless some arbitrary 


criterion is used for the maximum allowable leakage rate. Such a 
criterion would be determined entirely on the basis of the nature 
of the Thus 


t which is considered to be tight for steam or com- 


process occurring in the pipe or vessel it can be 


4 jou 


pressed-air service, 


seen that 
lor example, might not be considered tight for 
high-vacuum work 

However 
recognized that a flanged joint is entirely satusfactory if it passes 


for the great majority of services, it is commonly 


some simple test such as the soap-bubble test with compressed 
air in the system. Evidently, a test of this type indicates the 
absence of any openings through which mass flow can occur 
To try to understand this criterion of tightness, consider an open- 
ing which constitutes a large leak in a system containing a gas 
If the opening is large enough, the flow through 


As the size of the opening is de- 


under pressure 
it will be turbulent in nature 
creased, the Reynolds number will decrease 
and the character of the flow will become laminar 


below the critical, 
As the eize of 
the opening is further decreased until its diameter is of the same 
order of magnitude as the mean free path of the molecules of gas, 
the flow loses its mass character and becomes diffusive, i.e., the 
gas molecules flow through the opening individually by random 
thermal motion. As a final limit, the opening may be considered 
to decrease below molecular size to prevent the flow of gas en- 
tirely, but this condition may not be attained in practice, as evi- 
denced by the fact that the diffusion of gases through metals is a 
well-known phenomenon 

On the basis of this picture, a reasonable definition of the usual 

2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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commercially tight joint may be one in which all openings have 
decreased in size to the point where the leakage flow has lost ite 
mass character, i.e., the gas flow has become entirely diffusive. 
For the case of liquids, where no diffusive flow occurs, this would 
mean that the joint would be absolutely tight, except for losses by 
evaporation. By this definition it can be seen that a joint which 
is tight by hydrostatic test will also be tight by the soap-bubble 
test under air pressure. At the same time the joint may be un- 
satisfactory for high-vacuum work where the diffusive flow of 
inleaking air becomes Important 

Let us now consider a gasket placed between a pair of rigid 
flanges to which a uniform loading is applied. It is to be ex- 
pected that the surfaces of both the gasket and the flanges will 
be rough, the degree of roughness de pendir g on the type of gasket 
As the com- 
pressive force is applied to the flang: 8, high local stresses in the 


material and on the type of finish of the flanges 


naterial result, causing the material to deform and fill the 
Most of this deformation 
will be permanent, i.e., the gasket stresses will be well above the 


gasket 


openings left by the uneven surfaces 


vield strength of the material 

The possibility of a leak depends upon the chance that the 
process fluid will find a continuous channel between the gasket 
The elimination of 
the 
However, even though the gasket 


and the flange large enough for mass flow 


such channels obviously depends upon the magnitude of 


initial loading of the gasket 


has deformed considerably under the initial load, it is apparent 


that the gasket stress at a point beneath a flange projection may 


be higher than the average gasket stress, whereas the gasket 


stress in a flange depression may be lower than the average 


gasket stress. Then, when the gasket loading is reduced, as al- 
ways occurs when internal pressure is applied to the vessel, the 
areas of low initial stress may s parate from the flange, opening 
up a channel for le akage 
With higher initial stresses, it is to be expected that the gasket 
and that the distribution of stre 


inte 


material will deform further 


will become more uniform should result in better sealing 


properties, ic., for the same nal pressure 


a leak will appear 


at a lower average gasket stres# than before The limit of this 


condition oecurs when all fibers have been stressed bevond the 
vield point, and the gasket stress becomes uniform, so that reduec- 
tion in gasket loading results in an equal chance that separation 
will occur at all points on the face of the flange 


This latter condition is of 


particular interest since it 
study 


of closed flanges with- 


repre- 


sents the theoretically perfect joint. Te this situation 


consider that our joint consists of a pair 
out bolts which is placed in a testing machine, so that a uniform 


load can be applied. A 


joint, and this space 


COMPressi Ve 
halve 


pressure 


space is left between the 


s of the is so connected that hydrostatic 


can be applied internally This type of apparatus has 


been used in experimental work o it allows the 


compressive foree on the gas » be held constant, independent 


and inde- 


pendent of any of stant e sy m Im the 


of the vesse] 


internal pressure 


usual setup until a 


leak is just « 
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where o,, is the new average gasket stress, p, is the internal pres- 


sure, and A, is the internal area based on the inside diameter of 


the gasket. As the internal pressure is increased, o,: decreases, 


and assuming uniform loading of the gasket and no sticking of the 


gasket to the flange, such a joint will leak when ¢,. becomes equal 


to p,, as may be seen from the following. Assume p,; > o 


AA, is open to the 


area, p, will be 


and that a minute increment of gasket area 
this 


will result a net foree 


internal fluid pressure. Over 


so that 
remainder of the 


The 
i] 


,’ given by the relation 


necrement ol 


greater than o,., there tending to 
open the joint gasket will take on a new 


stress, oy, 


o (A 


- 


AA) = P Py 


> 


tearranging, and substituting Equation 


AA(p 


e 


AA 


fa 


Since A,/ AA is finite and greater than 1, and since p; > o,2, this 


equation can be satisfied only if og. < o,,. This implies that the 
gasket stress in the remaining area will become progressively 
smaller, and that the internal pressure will penetrate still fur- 
ther between the flange and the gasket until complete separation 
occurs 


In other words, the condition ¢ 5 p, 18 a crit al one, at 


instability Examination 


which a slight increase in p, results in 
of I 


1.e., ¢ 


fa} will show that the converse is true when p; < @ 


uation 


’ must be greater than oo, 


and the joint is self-stabilizing 


asure Of the hic f be 


1 as f 


As a convenient me 


gasket factor m is define 


Where ay. 1S 
when the interr 
previous discuss! 
the followi M 
As oy, 18 Inere 
Will approach u 
viously depend 
roughness of the 
where » l 
for the 


be smaller Fir 


Saline 


ri AVE nucl 


enough to pr 
flange surface 


Phe eff 


| 


il value m l 
t width shows de- 
for the same 


o be ¢€ xpected from the 


noted at this 


ceding section hould be 
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time that a plot of o,, against p, such as that shown in the original 
paper is quite deceptive in that it indicates that the value of m = 
Actually, 
Fig. 1 exposes the fact that m decreases steadily with increasing 


1 can be used throughout the test range for rubber 


initial stress 
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Fig. 1 also shows ertain amount of seatt below unity 


ly this is to I “sticking” of the 


to be 


Apparent »” explained by 


the flange 


opening the 


gasket to 


faces, causing an additional forces 


required for 


ond the pressure force available when p, just 


reaches ing is a commonly observed phenomenon with 


soft gas iny cases the sticking force is so great that 


when a } apart the gasket tears before it can be re 


moved from the flange faces. It 


is a fairly widespread practic 


the gasket 


to coat with graphite before making a joint to try to 


il of the gasket at a later time In so far as 


this effect is evick 


assure easier remov 


values are concerned ntly an erratic one, oc 


curring with some gasket mate rials to a greater extent than with 
others 


There is 


which is worthy 


another possible cause for m values lower than unity 


i0 If the toolmarks in the flange faces 


are concentric rings, then sealing can occur without deforming 


the gasket as far as would be required for a random distribution o 


flange projections. Furthermore, the stress « ntration at the 


on 
ring projections would tend to maintain a tight seal at a considera- 
bly 

less than unity 
this 


lower rage gasket stress, giving an apparent m value of 


However, neither of the literature sources indi- 


cates that of machining of flanges was used and, for 


it will be 


typ 


want of evide to the contrary, assumed in this paper 


that m 1 indicates a sticking effect 
Fig. 2 is a plot of the data for asbestos from both literature 


Most 


sticking effect is important for this material 


of the m values are below 1.0, indicating that the 


sources 
This is in accord 
obse removal of as 


with qualitative rvations of the difficulty of 


bestos gaskets after they have been in service 


AND BOLTED JOINTS 17) 
In general, those points for which m is greater than 1.0 are ob 
tained with the narrow gaskets, and here the trend of decreasing 
m with increasing o 
Another 


‘‘piskatorit 


is appare nt 


tested Siebel 


nd Raibie 


apparently a commercial gasket material availabl 


material by Hering Was 


which shows well 
iskets 


indicating that the 


in Germany. The results are plotted in Fig. 2 
the the 
10 
effect is important for this material 
The data of Siebel, He ring, and Raible for leather 
in Fig. 4 


defined trends of m w for narrower g In addi 


tion, much of the data are below sticking 
are plotted 
Leather appears to act in approximately the same 
manner as does piskatorit, with the data for the 30-mm gasket 
falling well below 1.0 

For all gasket materials the German authors carried out their 
by 
i on the apparatus, measuring the internal pres 


In the e: 


case of lead and copper, they repeated the measure- 


measurements the usual procedure of gradually increasing 


the applied log 
of fiber gaskets, and 


Ast 


sure for leakage at each step 
also in the 


8.0 pee 
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ments while decreasing the applied load in s and again while 
increasing the load a second time 

1¢ in bolted-joint 
design, since such design is based upon the use of 
Furthermore, f this 


f doubtful reproducibility, 


The latter measurements cannot be of any val 


fresh gaskets 
on a pr compressed 


measurements type 


gasket are « since they would depend 
after each 


the 


upon whether the gasket reseats itself in the same way 


the load In 


show lower m values for precompressed gaskets at the same @ 


measurement is reduced general resulta 


as 
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as is to be expected For the foregoing reasons, the data con- 


sidered here are only those obtained during the initial compres- 
sion. 


The results for fiber gaskets are given in Fig. 5. For this mate- 


rial the m factor obeys the same general trends as for previous 
materials, and also shows the sticking effect at high initial stress 


In the case of lead, only the 30-mm-wide gasket is shown in 


the Siebel, Hering, and Raible paper to have been measured 


under both increasing and decreasing load. Although it is not 
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stated by the authors, 
that 


other two gasket 


sumed the data 

widths 
obtained during the initial com 
pression only. The results ar 
plotted in Fig. 6 on this basis 
The data for the 
badly s 


do not appear to agree with the 


20-mm gasket 


uttered, and 


width are 


> | 


data for the other two gasket 


widths However, it is interest- 


ing to note that within the 


parent precision of the 1 


SKET FACTOR ™ 


ments, the limiting \ 
1.0, indicating the 


any signifcar 


5A 


his is in accord qualita 


ns ¢ the removal 


tive observath 
ol lead 


2Qoo< seoo0 
gaskets flanged iain sieimehtdiaininaites 
joints after they 


service 


NE, 1950 


high values of m 


On the other hand, 


The data on show very 
throughout the entire range of measurement 
the British data on copper consist of only two m values, both 


This apparent conflict is resolved by Fig. 7 which 


German copper 


less than 1.0 
shows that the British points were measured at a much higher 
initial gasket stress than were any of the German data. The fact 
that the German data show no significant difference for the three 
gasket widths tested is difficult to explain 

The German paper gives a series of measurements made in a 
bolted-joint assembly at temperatures of about 200 C and 350 C 
While these results are more subjeet to complications because of 
creep than are room-temperature data, it is of interest to note 
that m values for soft nonmetallic gaskets are somewhat reduced 
on the average when compared with room-temperature results 
For copper gaskets, m values drop sharply with increased tem- 
perature, and values below 1.0 are observed at 350 C in the range 
of a, where m values of 10 to 100 were obtained at room tem- 
This effect is undoubtedly the result of the annealing 
A similar 


perature. 

and softening of copper in this temperature range 

temperature effect is also observed with aluminum. 
Gasket LoapINc IN Bo.tep Joints 


of Internal Pressure 
gasket stresses which are required to assure tightness, it is now 


| pplication Having determined the 
important to examine how the gasket stress in a bolted joint be- 
haves under operating conditions 

In the bolted joint shown in Fig. 8 it is assumed that the 
flanges are perfectly rigid and that the bolt load is uniformly dis- 
tributed over the entire gasket-flange contact area. Upon initial 


tightening of the joint, the bolts are given an initial stress, o,, 


stress 


corre sponding to which the gasket takes on an average 


¢>;, Which may be calculated by the equatior 


i 


(TT) 
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effective cross-sectional area of the bolts, 


When internal pressure p; is applied to the vessel, the hydro- 


where A, is the 
static end force causes the bolt stress to increase to a new value, 
@, and the bolts increase in length by an amount 4. Simultane- 
ously, the gasket increases in thickness by the same amount 4, 
These 
the changes in bolt 
of the 


is reduced to o 


and the gasket compressive stress - 
changes are shown graphically in Fig. 8; 

within the range 
and the « — 6 curve of the gasket 


For the bolts 


stress are shown to occur elastic 
bolt material s shown in 


general form 
E, 


where E, is the elastic modulus of the bolt material For the 


gasket, the o 5 restoration curve will, in general, be a function 
of a,,, 80 that we may write 


5 = flog, og) S 


2 
where this function is to be determined from measurements of 
the deformation properties of the gasket material 

Under this condition 


A 


! ] 
aA, + PDP; 1; = oA, 19] 


is the internal area based on the inside diameter of the 


Substituting into Equation [9] the 


where A; 
gasket, D; 

ow, and 6 from Equations [6], [7], and [8], we find 

E,A, 

. a 


values of on, 


fee, Ce 10 


This equation will, in general, predict the change in averag 
gasket stress upon application of internal pressure, if the function 
f (@,, og) is known 


As a simple case we will assume a gasket material which obeys 


Hooke’s law, so that 


[1] 


where ¢ is the gasket thickness and E£, is the modulus of the gasket 


material. Substituting in Equation [10] for f (¢,,, o,.) we obtain 


12 


By a similar derivation, it can be shown that the change in 


bolt stress for the case of the Hooke’s law gasket is given by 


In design of a bolted joint, ob», the allowable working s 
of the bolts will be 


convenient form of this relation will b 


known, and A, will not be known. Hen 


A number of nlite » observations can be made from ¢ 


imination of Equation [12]. If £, is very small (as, for example, 
i 

is large, then a, 
vA,! 
be small, indicating that the hydrostatic end force 


with gum rubber) and the ratio 


p,A,, 18 taken up 
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almost entirely by additional stress on the bolts, without signifi- 


cant loss of gasket stress On the other hand, if E, 18 large (metal- 


i,f 
il is small compared with unity, then 


/ 
ic gasket) and ihe ratio ; 


Ad 
almost all of the hydrostatic end force is taken up by a decrease 
in the gasket compressive stress, with only a slight change in 
bolt stress. It is apparent that low modulus is a desirable char- 
acteristic of a gasket material from the point of view of main- 
taining gasket stress for tightness 

Elastic 


marizes 


Properties of an Asbestos Gasket. This section sum- 


some experiments carried out te determine the o-d 


curve for a typical gasket material. The material chosen for 
these tests was ‘“Cranite a compressed-asbestos gasket mate- 
rial sold in sheet form by the Crane Company, and used largely 
The samples tested were 1-in 
Each sample was placed in a tensile 
A dial gage 
as to measure the 


for high-pressure steam lines 
thick 


tester and a slight compressive 


squares, '/ig in 
load was applied 
was then set on the machine in such a way 
deflection load It 
place both the gasket sample and the dial gage at the center of the 


amount of under was found essential to 
movable part of the press in order to avoid errors due to cocking 

The first measurements were carried out by applying a compres- 
sive load and then measuring the retraction curve as the load 
This procedure was repeated for increasing initial 
It was soon found that such results were 


was reduced 
loads on each sample 
nonreproducible. A typical set of such measurements is shown 


in Fig. 9. The arrows show the direction of the load increments, 


ont11+1 
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of the gasket. It is apparent that 


with the 


1.€., COMpression OF ré storation 
did not coincid following com- 
that, load 
highe st previous compression stress, a decrease li 
This indicated that creep of the gasket 


each retraction curve 


pression curve, and when the compressive again 
reached the 
thickness had occurred 
was the complicating factor 

To test this possibility, a new sample was compressed to 10,000 
oad was maintained while readings were taken at 
data t 
seen that after about 20 min, the 


After this 


psi, and this 
regular time interval Phe n during this period are 
It can be 


small although not zero 


plotted in Fig. 10 
rate of creep became very 
was done the load was reduced in steps and the increase in gasket 
thickness was measured At each point it was found that a five 

minute period under constant load was sufficient to insure a con 

stant dial-gage reading. F« reading at 1000 
psi, the load was increased in steps up to the 10,000 psi applied 


llowing the lowes 


initial] The resulting compression curve was found to coin- 
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cide with the retraction curve within one ten thousandth of an 


inct Similar results were obtained at higher initial loads. 

For a compiete series Ol Measurements on a new sample, the 
following proceedure was adopted. At each initial 
load held for 
During retraction-curve measurements the 
Although 


cedure was justified by the results 


increase in 


was mun 


compressive stress the a period of 30 
load was held for five 
this pro- 


as can be seen from Fig. 11 


minutes at each point time-consuming, 


Here the compression curves were always found to coincide with 


the previous retraction curves up to the point of initial stress 


Each increment of initial stress appeared to generate a new stress- 


strain curve which is reproducible and independent of the pre- 


ess history of the sampk 


vious lower-s 
For the purpose of calculating gasket stress in bolted joints 


we are interested in the change in thickness along the retraction 


curve only For simplicity of design calculations, it would be 


desirabl will 


{ 
to use a constant £), but the proper E 


Pi 2 value 
¢ 

joint 

ssel diameters and 


depend upon the range of gasket stresses occurring in the 


and this range will be different for different v 
pressure conditions. However, it is tentatively proposed that 
EB. be 1 from straight 


0 
initial stress and the point 


obtain line drawn between the point of 


at which the has been reduced to 


50 per cent al value, ix 


lea > 


Si006 5 : 
10 % O50% 


where ( instressed) gasket thickness 
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definition will result in safe calculations for bolted joints in which 
For 


bolted joints in which the gasket stress lies between 50 and 100 


the gasket stress falls below 50 per cent of its initial value 


per cent of the initial value, the error will lie in the direction of 
lower gasket stress, but will be a maximum of only about 12 per 
for the data of Fig. 11 
probably be considered adequate for design purposes 


cent IN Gg This degree of accuracy will 
By this definition the average retraction modulus for the four 
11 is 480,000 psi 


valculations it 


retraction curves of Fig 
to express the re- 
We will 


and increasing as ¢ 


Is poss ble 


rigid 
traction data of Fig. 11 in the form of a single equation 


For more 


set up our scale of 6 starting from zero at o,, . 


is reduced. Furthermore, in order to place all four retraction 


curves of Fig. 11 on the same basis with regard to stress, we w 


express each value in terms of ratio o,/¢,,, which will vary f 


unity to zero in all cases. On this basis the data are founc 


agree well with a parabola of equation 


where 6 is expressed in in., and ¢ In Fig. 12 the 





the minus sign merely expre 


where 


stresses have been taken to be posi 


From Equation [17] it can be 


will show val E., beginning ifinity when o, 


wher proaches zero 


1e of E, for 


is 208,000 psi 


creasing ‘ luce 


10,000 psi, 


For calculation of gasket stres ted joint using a Cranite 
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gasket, Equation [16 be solved tor 6 and substituted for 


fom, % 


may 
>) in Equation [10]. This results in a quadratic equa- 


tion 


2)? tT le 


; lKo,,'-? " 
where K = 


of Equation 


5.3 X 10°, and which is the more general counterpart 
12) the non-Hooke's 
law equivalents of Equations 

Gasket Cree p 
ing of the bolted joint is followed by a slow reduction in gasket and 
bolt After a the 
stress may fall to a value below that required for sealing, at which 
time the 


Similar solutions will give 
13] and [14 
With many gasket materials, the initial tighten- 


stress due to gasket creep time gasket 


bolts must bx retightened In many cases, however, 
retight ning may not be convenient, since the flanges may not 
be accessible, or may be covered with insulation. For such cases 
it has been proposed that the joints be designe d for a higher initial 
gasket stress so that the 


necessity for retightening will oecur 


much less frequently As the basis of such a design, a knowledge 
of the rate of unloading of the gasket is required and it should be 
possible to predict this from creep data on the gasket material 

We 


the gasket material in a test machine a series of curves of creep 


will assume that we have available from measurements on 


against time, each such curve corresponding to a constant value 
We 
curves can be expressed as a single continuous function of ¢ 
the time, @, ix 


of gasket stress, o, will further assume that this family of 


: and 


19 


Here «,, is the plastic 


20 


the change in gasket thickness due to er and ¢ is 


rh 


both « 


ep, 


thickness assumption that Iquation 


19) is a 


continuous ft tion of and @ has been found to work well 


in 


2 


in predicting the creep relaxation of metals (3) 


In a bolted joint, initia! tightening gives 


the 


Simultaneously, 


thickness 
the 


and @ 


interval 6 


creep 


amount 


After a time 
due to 
the 


gasket is decreased b 


amount 4, bolts deere in 
With the re- 


in the 


ast 


length by sank reducing @ 
amount of elastic recover 


th 


duction in ¢,, there is a certain 


gasket, 6,, which tends for plastic change, 4 


that is 


» compensate 


The elas ch 
plastic « fect 
through by ¢ 


ange is issumed to 


and the flanges are 


AND BOLTED JOINTS 


where E, 
test machine 


tion [26], 


is the elastic modulus obtained by retraction in the 
Substituting Equations [23] and [27] into Equa- 
we have 


198) 
{28} 


This equation, when the expression for «, is known, will allow 


direct calculation of ¢, as a function of time. Ifa constant value 


of E, may not be used over the entire useful range of the data, 


E, may have to be expressed as a function of «, and @, thus com 
plicating the solution 

of a bolted joint which has been 
For 
internal pressure is applied to the joint immediately after tighten- 
the should hold, that 
an amount corresponding to the effect of the 
load 


there 


This analvsis covers the cas 


merely tightened and allowed to stand the case in which 


ing, same derivation with the 


o is reduced by 


exception 


internal pressur 


Unfortunately, do not appear to be creep data in the 


literature which would be suitable for use in this problem, al- 

though data of this type should be relatively easy to obtain in a 

tensile-testing machine 
Distribution of Bolt Load 


been assumed that the bolt load is distributed uniformly over the 


In our previous discussion it has 
entire gasket-flange contact area. In any actual case, the areas 
under the bolts are unaer concentrated load, and the efficiency of 
transmission of this load to the areas between bolts will be a func- 
tion of the bolt spacing, the flange thickness, and the properties 
of the gasket material 

In bolted-joint design, the choice of a bolt spacing is made after 
the flanges have been designed for the internal pressure and gasket 
Thus the the 


decision to be is that of distribution of 


loads total cross section of bolts is known, and 


the mace this bolt area 


among few bolts of large size or more bolts of smaller size Since 


this decision will not have a serious effect on the cost of the joint, 
to « 


a rough theory ts stablish a criterion for bolt 


spacing The follow 
that it considers straight flanges only and 


effect of the 
t the cor 


only NECERSATY 


ng analysis is rough, bul conserva'ive, in 


neglects any stiffening 


vessel walls such as would occur in a circular joint 


or a ner of a rectangular joint 


An approach to this problem can be made by 


d by the 


an extension oO 
t} 


the Soderb 


metal-to- 


the 


flange and gasket combination 


method us re (4) in analysis of 
metal joints For this analvsis we will assume that 
obevs Hook the 


represents foundation for 


gasket 
s law, and that 


in elasti which 


~” 


the foundation, & is the modulus of 


load on 
the deflection (5) lo 
joint 1s split in ha at the 
and one half of th 


A load 


OMPressi ve 


where ¢ is the u 
foundation, and y is 


that 


the determine &, 


Assume the center of the gasket, 
and that one flang 
see Fig. 13 
of flange a will cause a « 
A’ 2. and in the flange of Ad 
based on the deflection of th 


gasket are on a rigid foun- 


P applied uniformly over a length 
im the 


dation 


strain half-gasket of 


However, since elastic theory is 


center line of the beam, the com- 


pressive strai ‘ nge t i ileulating the modulus of 


w TOU 
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For the gasket 


Substituting in Equation [30 


It should be noted here that it has been assumed that the flange 
deflects uniformly over its entire width 6, in spite of the fact that 
only the width }, rests upon the gasket. Evidently some flange 
width between b, and b, would give a more accurate approxima- 
tion to the actual case, but this complicating effect has been 
neglected 

The theory of a beam on an elastic foundation (5) gives the 
following equation for the deflection y as a function of the distance 


z from a point of concentrated load P 


Vi. 


f elasticity 


El 


ent 


and J is the mon 
distributed load q 


is the modulus « 


b 


in which F 
inertia of the im. Since the unit 


then 
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P38 


9 


os 36 


e~ ** (cos Bx + sin Bx) 


If we designate the unit load under the point of concentrated 
load P by qo, then, since r = 0 


38 


We will represent our flange in Fig. 13B as a beam with a series 
of point loads P representing the bolts, having a spacing r be- 
tween bolts. To calculate the load intensity g at any point on 
the beam, the principle of superposition is used, i.e., the con- 
tribution of each bolt to the unit load at the poimt in question ts 
calculated independently, and all are added together. For our 


case 


the case where f = 0, i.e., metal-to-metal joint, S 
1.565 /d, which is the result obtained by Soderberg 
For the purpose of predicting the bolt 
7/2 to go at 


2 to a 
39 


Ir 


8 


are in 


It can be 


spacing, 7, We 


0. 


ested in the ratio of g at z seer 
from the form of Equations [38] and that r is best expresse 
,? nd so tha 


Thus 


kness, 1 


the n 


in terms of multiples of flange thi 


ge will vary only with umber n 


any given S, q 


| 4 


0.783 n Vi _ 


41 


‘ 
and q/go will be a unique function of — y . which will be 
d 1+sS 
applicable to all gasket-flange combinations This relation was 
calculated, and for high q/qgo, it was found necessary to include 
as 15 bolts to obtain the desired 
accuracy 14 
The question now arises as to what value of q/go, i.e., what 
ratio of the loading midway between bolts to the loading under 
the bolts, should be used as a criterion for bolt spacing. A choice 
which appears to have some support from leakage evidence in 
A design chart 


the contributions of as many 
The result is shown in Fig 


the Elliott oxygen pilot plant (6) is ¢/qgo = 0.95 
on this basis is given in Fig. 15 

The major uncertainty which occurs with the use of Fig. 15 
that of the value of Z,. For transmission of load during 
initial tightening of the joint, presumably some average modulus 
When internal pressure is ap- 
e modulus 
Of course 


is 


for « 
plied and relaxation of the gasket occurs, the effectiv 
may be of an entirely different order of magnitude 


iatever modulus is decided upon, the value of ¢/go which is 


ompression should be used 


wl 
used as a criterion will be adjusted to fit the actual results 
For analysis of the leakage evidence from the Elliott oxvgen 


plant, an average compression modulus was determined in 
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Rubber Gaskets 
Gaskets, t¢ = */\in., 6, = */s in., E, = 7500 psi 
Flanges, d = '/,in., 6b, = lin., Ey = 30,000,000 psi 
Rectangular joints 
S = 8000 
r/d, actual = 6.0 
7/d, maximum allowable (Fig. 15) = 9.3 
These joints showed no evidence of leakage 


Vellumoid Gaskets 
Gaskets, t = '/)¢ in., b, = 4/5 in., E, = 19,000 psi 
Flanges, d = '/,in., by = 1 in., Ey = 30,000,000 psi 
Rectangular joints 
S = 1050 
r/d, actual = 6.0 
7/d, maximum allowable (Fig. 15) = 5.6 
These joints showed occasional leaks. It is of interest 
that many of these gaskets showed evidence of crushing 
in the areas beneath the bolts, but were soft and pliable in 
the areas between the bolts 








Fia. 14 Gasket, t = '/s », = /,in., E 


FRACTIONATING COLUMN 
Top of Reboiler Copper-( ‘lad Asbestos Gasket 
'e 7 20,000 psi 
Flanges, d = */, in., by = 2 in., Ey = 30,000,000 psi 
Bolt circle, 21*/, in. diam., 20 bolts 











er for the range of loads used. The modulus dur- 


npression was chosen because it was felt that 


—— S = 686 

T d, actual = 5.5 
r/ad, maximum allowable (Fig. 15) = 5.0 

This joint could not be made tight, and finally the gasket 


was eliminated and the flanges were soldered together 


Bottom of Reboiler f ‘opper-( ‘lad Asbestos Gasket 


Gasket, ¢ = */y in., bs = */s in., E, = 20,000 psi 
Flanges, d = */,in., by = 2in., Ey = 30,000,000 psi 
Bolt circle, 48'/; in. diam., 48 bolts 
S = 720 

d, actual = 4.2 
7/d, maximum allowable (Fig. 15) 5.1 
This joint did not leal. 


The ¢/go = 0.95 criterion is considered entirely tentative, and 
is subject to revision after considerably more evidence is availa- 
ble on leakage of joints as a function of bolt pitch, and on the 
elastic properties of gaskets. There are refinements which may 





be made in this development which do not appear to be justi- 
fied at the present time, in view of the gasket modulus uncer- 
tainty These include corrections for the fact that the bolt 
heads and nuts actually cover a finite area rather than being 
point loads, and for the stiffening effect of the vessel walls on the 
flanges. The latter effect will be particularly important for 
small-diameter joints such as occur in piping. Evidently, for 
such joints, the use of Fig. 15 may result in considerable over- 


design 
Desicn or Bourep Joints 


The design rules given in the ASME Code ( 
fault for the following reasons: 


) are basically at 


the initial tightening was the more important phase of the prob- 1 The m values given in Table UA-S(a), corrected by the 


lem with low-pressure 


The tensile-tester measurements addition of 0.5 to obtain m as defined in this paper (the Code uses 


gave almost linear stress-strain curves over the ranges tested for one half the gasket area as a design basis), range from 1.0 for 


mentioned below. The following gum rubber to 7.0 for stainless steel. No account is taken of the 


based upon room-temperature leakage evidence fact that all m values approach unity (or less, for gaskets which 


stick) with increasing initial gasket stress. No account is taken 
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of the variation of m with gasket width, or possible variations 
of m with gasket thickness or flange surface finish. 

2 A yield point value y is used, evidently in implicit recogni- 
tion of the fact that a certain amount of initial gasket stress is 
required to reduce m to a low value in the case of low-pressure 


joints. The reduction of m with increasing initial stress is shown 
by the data of Siebel, Hering, and Raible to be a gradual one, 
i.e., there is no unique value of initial stress which can be called a 
“vield value.” 

3 While the bolt load is designed to carry both the internal 
pressure force and the residual gasket stress required for tight- 
ness, no consideration is given to the elastic properties of 
the gasket material, and there is no assurance that the residual 
As a 


corollary, it must be recognized that the initial tightening condi- 


gasket stress or the bolt stress will be that calculated 


tions will play a large part in determining operating stresses under 
pressure. 

4 Finally, the Code provides no basis for choice of bolt spac- 
ing, specifying merely the total bolt load 

A proposed revision of Table UA-8(a) has been presented by 
Rossheim and Markl (8) 
paper (9) presents in more emphatic and detailed form some of the 


The discussion which followed this 


criticisms just given 

The criticisms of the Code given here should not be interpreted 
as implying that bolted joints designed in accordance with the 
Code will leak. While it is possible to conceive of designs where 
this would occur, such situations are evidently avoided in prac- 
In many cases where the Code 
There- 
fore the major contribution of any new design procedure will be 
of the safety 


tice by the experienced designer 
is used, the joints appear to be considerably overdesigned 


to provide an accurate knowledge of the extent 
factor in any joint, as well as to prevent any possibility of joint 
leakage due to incorrect formulation of design rules 

The portion of bolted-joint design with which we are concerned 
consists of the calculation of the least total bolt load which as- 
sures tightness. This will result in the most economical design 
since it is this bolt load which determines the bending moments 
for which the flanges are designed 

For the new design procedure it is assumed that the following 
information on the available gasket materials will be available for 


design purposes: 


1 The variation of m with initial gasket stress, gasket width, 
gasket thickness, and flange surface finish. It is assumed that 
the data will be available in the form of graphs of the type of 
Figs. 1 through 7, and that appropriate safety factors will have 
been applied to the curves to cover any uncertainties in the data 
2 Stress-strain curves of the gasket material over the useful 
range of gasket stress and thickness, both for compression and 
recovery Any effects of creep are neglected because of the ab 
sence of data on this subject 

The design procedure consists of the following steps 


and corrosion 


a) Within the 


conditions, choose the gasket material which requires the 


limitations of temperature 
lowest o,: for a given m value 

(>) Assume a casket thickness, gasket width, and o, value, 
and read the value of m. For any values of m which are 
less than unity, assume m l 
(c) Calculate by the Equation 


mp 


The value of o,. must be less than o, If this is not the 
must be tried 


for a gasket with high modulus, and 


closer to oy; for a gasket with low modulus 


case, a new value of o, As a guide, o,, should 


be much less than a,, 


JUNE, 1950 


(d) Calculate ¢,, from the Equation 


where a», is the allowable working stress of the bolts. For 


this solution, use the value of ¢,. from step (c), and guess 
at a reasonable value of /, the effective bolt length 

calculated by step (d) will 
Assume 


d) until agreement is 


(e) In general, the value of o 
not be equal to the value initially assumed new 
o, Values and repeat steps (), (¢), and 
obtained 

(f) Repeat steps (5), (c), (d), and (e) for several different 
gasket widths (and thicknesses, if this produces any significant 
effect). A gasket width will be found for which the bolt 
load, given by 


Ww 


mn 


volt load 
g) Design the flanges in accordance with the methods given 
in the ASME Code Check the effective bolt length, J, 
against the value assumed in step (d). If there is a sig- 
nificant difference, the design must be repeated. In 
influence the 


will be a minimum. This is the design 


general, 


however, sizable variations in / will lesign 
only slightly 
(h) Determine the number of 


*h that 7 /d is lower than the 


bolts n from the gasket and 
flange dimensions, s value given 


by Fig. 15 


where G is the bolt circle diameter. The 


will then be given by 
a, 


where a, is the effective cross se¢ me bolt 


‘) Calculate the initial stress in the bolts by the equation 


oA 


[6a! 


This is the initial stress to which the bolts should be tight- 


ened in making up the joint 


This method of design, and, in fact, any method of design of 
bolted joints depends upon the initial tightening of the bolts to a 
known stress. Failure to tighten the bolts up to the design stress 
will of course result in leakage when internal pressure is applied 
gasket, and will 


result in crushing of the 


stresses in the flange greater than assumed in the original 


Overtightening may 
generat 
design. The use of torque wrenches is recommended, with proper 


precautions as to lubrication of the threads 


While the design procedure given in this section may be con- 
will be considerably 


At that 


design charts or nomographs will probably be 


sidered lengthy, it is to be expected that it 


shortened when basic data become available time the 
construction of 
justified 

The foregoing discussions have indicated the type of data 
which are required for complete design of bolted joints. In sum- 
mary, this consists of the measurement of gasket factors, elastic 
and creep properties of gasket materials, as well as 


These factors should be deter- 


properties, 
data on bolt load distribution 
mined for the gasket materials in common use as a function of 


gasket width, gasket thickness, temperature, flange surface 





ROBERTS—GASKETS AND BOLTED JOINTS 


finish, and initial stress. This list may seem formidable, but the 
bulk of the data can be obtained by relatively simple and rapid 
compression-machine techniques. 
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A Quantitative Comparison of Flow 


and 


Deformation Theories of Plasticity 


By P. G. HODGE, JR.,? anv G. N. WHITE, JR.,2 PROVIDENCE, R. I. 


The stresses and displacements in a partly plastic, in- 
finitely long, hollow cylinder are obtained according to the 
flow type of stress-strain law of Prandtl-Reuss and to the 
deformation law of Hencky. In both cases the Mises yield 
condition is used and the compressibility of the material is 
taken into account. It is shown that under these assump- 
tions the two theories: yield substantially the same re- 
sults for this particular problem, but that one theory 
the other may be preferable for computing purposes i 
certain cases. The results are compared with those 
other investigations in which different combinations 
stress-strain law, yield condition, compressibility, and end 


loading were assumed. 


INTRODUCTION 


N the investigation of the elastic behavior of materials, 
Hooke’s law is the accepted stress-strain relation. On the 
other hand, for materials in a plastic state, there are many 
stress-strain theories available. In addition, for plastic materials 
some criterion of initial and continued plastic flow must be 
selected. 

This paper considers an ideal material which is assumed to be- 
have elastically under stresses which do not satisfy the yield con- 
dition and to flow or deform under constant stress when the yield 
condition is satisfied. The yield condition chosen is that of Mises 
(1),* according to which the material behaves plastically when the 
octahedral shearing stress reaches a certain critical value. Such a 
material does not exhibit strain-hardening and is called perfectly 
plastic... Usually such a material is assumed incompressible since 
permanent volume changes are known to be negligible in a fully 
plastic state. If, however, a study of the elastic-plastic behavior 
is to be made, the total strain in the plastic region is considered 
! 


to consist of a reversible elastic strain, obeying Hooke’s law, 


and a permanent plastic strain which is not accompanied by 
any volume changes. To simplify the mathematical work the 
elastic volume changes are often neglected. In the following, 
however, the elastic compressibility of the material will be taken 
into account 

Che most important theoretical difference between the theories 
of a perfectly plastic material is that manifested by the various 

“de- 


stress-strain laws. These fall into two distinct categories 


Ihe material for this | r was obtained in the course of research 
conducted under Contr 


of Naval Research and the 
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formation’’® laws, which involve only the instantaneous states of 
stress and strain, and “flow’’> laws, which involve the strain rates 
as well. The usually accepted law of the flow type for elastic- 
plastic problems of a perfectly plastic material is that of Prandtl 
(4) and Reuss (5), while the usual deformation law is that of 
Hencky (6). For the elementary cases of simple tension or of 
torsion of cylindrical bars, the two theories give identical predic- 
tions 

On the other hand, the mathematical 
by the most general problems are too great. to permit a general 
For the particular case of plane 


lifficulties presented 


comparison of the two theories. 
strain with radial symmetry, however, a mathematical difference 
In this paper a typical problem of plane strain will 
The results will be com- 


1s »bserved. 
be solved by each of the two theories 
pared with each other and with the solutions obtained by other 


authors. 


Basic RELATIONS 


The basic equations for this problem are well known Let the 
tube be referred to a set of cylindrical co-ordinates r, @, z, such 
that the z-axis coincides with the axis of the tube. The radial, 
tangential, and normal stress will be denoted by or, a9, and az, 
respectively; a similar notation will be used for the strains. Since 
the tube is in a state of plane strain with rotational symmetry, 


the following relations are valid (7, 8 


where p is some parameter which is characteristic of the state of 
deformation or flow. 
The only equilibrium equation which is not satisfied identically 


reduces to 


If the t} ree equations ot Hooke s law are added to Equation {2 » 
there are then four equations for the four unknown functions 
In the plastic region, al- 


the 


or, oe, and o, in the elastic region 
though there are only two independent stress-strain relations, 


vield condition provides the necessary fourth equation 


If a hollow cylinder of inner radius a and outer radius 6 is sub- 


jected to an internal pressure p, then the boundary conditions for 


the problem are 


rms are due to Ilyushin 
neral discussion of the : types of 


instance, (2) and 
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In addition, ¢, and og must both be continuous across any elastic- 
plastic boundaries.’ 
It will prove convenient to introduce stress and strain deviators 


defined by 


where 


1 / Ou 
3 \or 
In terms of the stress deviator, Equation [2] becomes 


O8r 
Or 


= 0) 


while the strain-deviator components are given by 


), on 5%) 


Exvastic SOLUTION 
For sufficiently small values of the pressure, the entire tub« will 
behave elastically. The solution for this case is well known (7). 
In terms of the present variables it may be written 


where 


and K the bul 


tions [8] will be the solution for all values of the pressure such that 


Here G is the modulus of rigidity k modulus. Equa- 


the octahedral shearing stress does not exceed the critical value at 


any point, 1.e., such that 
10 


where k is the yield stress in pure shear. Obvio this condition 


will first be violated at the inner surface necessary 


pressure ing 
= 

a*| bt 

La‘ 


? Although the stress and strain rates may nuous across 
boundary, 


of this 


the components themselves must be con- 
act that 
lary fe 


an elastic-plast 
tunuous "i 
terial particle is only or 
mal length of time. Since 
in the elastic and in the plastic domains, and, since the discontinuities 
at boundary must be finite, it follows that the integrated components 
ughout the tube 


is based upon the f: a given ma- 


the elastic-plastic bour wan infinitesi 


the stress and strain rates are continuous 


will be continuous thr: 
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For pressures slightly greater than p; a plastic zone will form 
which will extend from the inner surface r = a to some surface 


boundary Although the equilibrium 


r= p (elastic-plastic 
equations and stress-strain law in the elastic region (9 < r < ) 
remain the same for this elastic-plastic state, the boundary con- 


ditions are now given by 


atr= 


J: = &* 
or = 0 


+ 9? + sso = k* p 


(12) 
atr= 4 ee4 ; 
It is readily verified that the solution is still given by Equations 
[8] provided that the value of p, is replaced by 


Tue TION 


The plastic problem will first be solved for a material obeying 


PranptTi-Revss Sout 


the Prandt!-Reuss stress-strain law 


ee 


2G — « + ds, 2G 


Op 


= 3Ke 


Here ) is a function of the rate of plastic work of deformation, and 
p, the radius of the elastic-plastic boundary, is a characteristic 
parameter ol the plastic flow The elimination of \ from Equa- 


tions [14] leads to the relations 
(= 
2G 8e 
Op 


For the plasti 
the Mises vield condition 


: domain the stress components must also satisfy 


J: = &' @? ¢= 116 


If Equation [16] is solved for one of the stress-deviator compo- 


nents, there appears to be a certain ambiguity of sign; thus 


{17 


However, in the elastic domain 


( 3G / ) 
289 + s = p n 0 (18 
*\G+3K" , 


t elastic-plastic 


hold in the 
The remaining necessary equation for the 


Since sg and s, are to be continuous across any 


boundary, the upper sign in Equation [17] must 


plastic zone as well 


plastic problem is of course the equilibrium Equation [6] 
It is found convenient to set up the problem in terms of the 


Tpean normal strain e aud a new variable <, defined by 
1 / du 
19 
5 Or r 


If u is eliminated from Equations [5] and [19 


“compatibility condition 


it is seen that ¢ 
and ¢ must satisfy the 
ye o¢ 2¢ , 
20) 
Dr or r 
If the 


e and ¢ are 


Mises yield condition, Equation [17], and the variables 


substituted into the Prandtl-Reuss stress-strain law 
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TABLE 1 


Equations [15], the resulting equation is 
G 
4k? 
3G 
4 k* 


O8, 


Op = Op 


(ae - 3s,? 38% V 4k? — 3s,* 


oe 
Op 


2 


—- - 38-2? + 8, V 4k? — 3s,” 


4k? - 


In terms of the same variables, the equilibrium Equation [2] be- 


comes 
38, 38,2 


de, + V/4k3 


or 


199) 
9 ad | 


, Of 
+ 3K — =— 
or 


Equations [20], [21], and [22 
three quasi-linear first-order partial differential equations with 


independent variables r and p, and dependent variables s,, e, and 


form a hyperbolic system of 


¢. These equations are to be solved in the domain a <r < p, 
a<p <b. The necessary boundary values are given by the 
values of e, ¢, and ¢& on r p as determined by the solution for 
Although these equations cannot be solved 


the elastic domain 
in closed form, they can be transformed to a system of difference 


equations and solved numerically 
Tue Hencxy Souution 


Hencky’s stress-strain law expresses the fact that the principal 
stress-deviator components are in the same ratio as the princi 


pal strain-deviator components; thus 
Sr: 86:8, = Or €@°e; 


or equivalently 


Sr€9 = Solr 24 


In view of Equation [17], the Hencky stress-strain law may hx 


written in the form 


9r 
«} 


If Equation is solved for e, and the result substituted into 
Equations [20] and [22], a system of two first-order ordinary dif- 
ferential equations is obtained. These equations, like those of the 
Prandtl-Reuss solution, must be solved by numerical methods 


CoMPARISON OF RESULTS 


The problem of a thick-walled tube under internal pressure, 
being one of the more accessible plasticity problems, has been 
studied from a variety of viewpoints. However, to the authors 
know ledge, this problem has not yet been used to compare the 
flow and deformation theories when all other factors are the sam« 
In the present section the results furnished by these two theories 
will be compare d with each other and with the results of other 
authors.’ The chief difference investigating this 
problem are the stress-strain law, the yield condition, the allow- 


points ol in 


ance for compressibility, and the assumption concerning the axia 

strain. A summary of the theories analyzed is presented in Tabk 

1, and the results are presented graphically in Figs. 1 to 4, 
purpose of comparison a particular problem has 


For the 
| thods according to both the Prandtl 


in 


clusive 
been solved by numerical method 
The f 


olver 


Reuss and Hencky theories wing numerical values were 


Siny 


assigned to the paramete 


= 0.003 


In Table | and in Figs to 4, inclusive, curve A shows the 


* Other comparisons of published results are to be found in articl 


by D. G. Sopwith (9) and Beliaev and Sinitski (10 


APPLIED MECHANICS 


Curve 


laws and the two yiel 


WALLED TUBE 
Yield 
condition 
Mises 
Tresca 
Mises 
Mises 
Either? 
Either? 


~Compressi bility —~ 
Elastic Plastic 
Comp. Comp 
Comp Comp 
Comp. Comp. 
Comp. Comp 
Comp Incomp 
Incomp. Incomp. 


Stress-strain 
law 
Prandtl-Reuss 
Prandtl-Reuss 
Hencky 
Hencky 
Either? 
Either* 


«= 


* Under the assumption of plastic incompressibility, the two 


conditions coincide. 


O; 
* 


JUNE, 1950 


THEORIES OF PLASTICITY APPLIED TO A THICK- 
UNDER INTERNAL PRESSURE 
Axial 
strain 


Ref- 
erence 
0 
0 (11) 
0 
0 13) 
0 14) 
0 15 


stress-strain 
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Mises vie ld 
from the solution of Equations [20], [21 
Hill, Lee, 


Tresea (12 


sults of the Prandtl-Reuss stress-strain law with the 


conditior tained , and 


[22]. Curve B was obtained by 
the Prandti-R« ] with the 


iss LAW 
cording to which plastic 


and Tupper (11) using 
yield condition, ac- 
when the 


flow takes place maximum 


shear reaches a certain critical value. This simplifies the problem 


considerably, as the equilibrium equation reduces to 


or 


However, it is still 

Hill, Lee, 
the 
two yield conditions, would differ by 


and hence ¢, and o¢ can be found directly 


necessary to use numerical methods to find ¢,and u 


and Tupper predicted on a theoretical basis tha results, 


according to the less than 
3 per cent. In the example considered this prediction is certainly 
verified, the differences being barely perceptible on the scale 
used 

presents the results of the Hencky solution, deter- 
20], [22], and [25]. The 


the same as that predicted by the 


Curve C 
mined by Equations external dis- 
placement us is precisely 
Prandtl-Reuss solution, while the values of the stress components 
agree quite closely 

Curve D was obtained by MacGregor, Coffin, and Fisher (13 
for a closed-end tube, that is, instead of «, = 0, they assumed the 
tube to be closed by rigid plates at either end, and computed 
the end l vad ‘ The 


variation of boundary conditions is seen to have little effect upon 


orresponding to the excess internal pressure 


or, og, or the radial displacement, but an extremely large dif- 


ference is obtained for the values of the axial stress. The solution 


of MacGregor, Coffin, and Fisher was found under the assump- 


tions of the Hencky stress-strain law and the Mises yield con- 


dition. To the authors’ knowledge no solution to the problem of 
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the closed-end tube has been obtained by the Prandtl-Reuss law. 
It would be interesting to see if the close correlation between the 
two theories also held in this case. 

Curve E presents the results of Nadai (14), obtained by ne 
This 


assumption plus that of plane strain produces a statically determi- 


glecting compressibility in the plastic part of the tube. 


nate problem for or and e¢; hence Nadai’s results are identical 
with those of Hill, Lee, and Tupper 

Curve F sbows the values obtained by assuming an incompres- 
Although under thi 


o, 8 continuous, its value appears to be 


sible material throughout (15) assumption 
at marked variance with 
the more exact results obtained by the other theories 

To correct this difficulty, an artificial solution is obtained as 
follows: The values of or, vg, and u of the incompressible solution 
are retained, but the value of ¢, is computed from the incompres- 
sible o,::) by the relation 


7 
«é 


3 and 
quite well with both the elastic and plastic parts of the exact 


This value is plotted as curve F’ in Fig is seen to agree 


compressible-solution eurves 


CONCLUSION 


A study of the plastic-elastic behavior of an infinite hollow 
cylinder under internal pressure has been made by means of the 
two types of stress-strain law, deformation and flow, for a per 
In each case the material was assumed to 
taken of 
pressibility of the material in the plastic region. A 
for the 


fectly plastic material. 


satisfy Mises yield criterion, and account was com 
numerica 
solution stress distribution and displacements was ol 

tained for a particular case and compared with the results of other 
authors. The comparison of the results shows that for this par 
ticular problem of plane strain with rotational symmetry, either 
the Prandtl-Reuss or Hencky theory gives essentially the same 
results 


Although the Hencky theory uses a finite stress-strain relation, 
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the final differential equations are nonlinear and are more difficult 
to solve numerically than the Prandtl-Reuss equations. How- 
ever, since the integration of the Hencky equations is inde- 
pendent of p, the stress distribution for a particular position of the 


elastic-plastic boundary can be computed without considering 


previous elastic-plastic states. The Prandtl-Reuss equations, on 
the other hand, must be integrated over both r and p, i.e., all 
previous elastic-plastic states must be considered. Thus the de- 
formation theory appears preferable if a particular solution only is 
desired, while the flow theory is advantageous in obtaining the 
complete solution for a range of pressures. 

As for the other solutions reviewed, the solution of Hill, Lee, 
and Tupper is in closest agreement with the results of the present 
work. 
Tresca yield condition would appear to be the preferable one for 
this problem. 


In fact, since their solution is mathematically simpler, the 


Finally, from the viewpoint of simplicity, the “adjusted in- 
results for 
many purposes and, moreover, these results are obtained in closed 


compressible solution’’ gives sufficiently 


accurate 
form. However, although this solution should give extremely 
good results for an infinitely long open tube (and possibly for 
other plane-strain problems), it will not be satisfactory for a 
closed tube. In fact, for an incompressible material, the solution 
for the open and closed tubes coincide, while the results of Mac- 
Gregor, Coffin, and Fisher indicate that a large variation of a, is to 
be expect d 
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Free Periodic Motions of an Undamped Two- 
Degree-of-Freedom Oscillatory System With 


Nonlinear Unsymmetrical Elasticity 


By WALTER W 


Precise solutions are presented for a two-degree-of- 
freedom oscillatory system containing a preset spring. 
Such a system is characteristic of an aircraft propeller- 
engine-supercharger installation. The periodic free mo- 
tions obtained indicate the possibility of highly uncon- 
ventional motions when the nonlinearity is pronounced, 
motions which may be easily overlooked in the usual ap- 
proximate treatment of nonlinear systems. The results 
presented in this paper show that one mass may oscillate 
several times while the other mass is going through one 
oscillation. The ratio of oscillations of one mass with 
respect to the other changes with amplitude. 

By considering the load-deflection curve for the non- 
linear spring to be a broken line, periodic motions may be 
obtained to any desired degree of precision by combining 
conventional general solutions for two-degree-of-freedom 
linear systems. 


STATEMENT OF THE PROBLEM 


ERIODIC solutions of oscillatory systems containing non- 


linear elasticity are readily obtained for single-degree-vf- 
through (4 
Whe 1 more 


the analytical solution of a non- 


difficult 


freedom systems. References (1 present a 


solutions for such systems than one 


number of 
degree of freedom is involved 


linear oscil system becomes considerably morte 


This paper* is concerned with periodic free motions of a two 
degree-of-freedom system in which one spring is nonlinear, the 
nonlinearity consisting of a single sharp break in the linear load- 


deflection characteristic, corresponding to the effect of a preset 


spring. In practice such a system may be found in an aircraft- 


engine supercharger propeller system installation wherein the 


crankshaft through soft 


supercharger rotor is connected to the 
preset springs 
+} q 


In such systems the deflection is linear with load through given 


ranges of load, the deflection rate being predetermined for each 


load range This “piecemeal” linearity suggests the possibility 


stems by mean 


} 


of treating multidegree-of-freedom nonlinear sy 


of linear theory Any curved deflection characteristic may be 


rhit ‘ 


ries of straigh 


approximated by 


a connected se so that a 


] 
nes, 


Associate Professor in Engineering Desigr 
fornia. 

? Numbers in paren 
the paper 

’ Based on a thesis submitted by 
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least in principle most nonlinear oscillatory systems may be 


treated by linear methods. The solution of the present case 
serves to show, however, that a tremendous amount of labor is 
involved in making such solutions; in such cases consideration 
should be 


computer 


given to the use of a differential analyzer or analog 


In its essentials the method of solution consists of solving the 
differential equations of motion tor each linear piece ol the de- 
flection curve, inserting into these general solutions the condi- 
acceleration 


tions of continuity of displacement, velocity, and 


through each break in the deflection curve These conditions de 
termine the phase angles and amplitudes of the sets of modes 
representing the oscillation in its different stages 


Description OF OscILLATORY SysTeEM 


The system analyzed is shown in Fig. 1. The propeller inertia 
is considered to be great enough to enforce a node at that point 
The equivalent stiffness of the shaft between propeller and engine 
value &, 100; that of the 
50 with preset springs inactive, or 


The 


engine and supercharger are considered to have the same equiva- 


rotary inertia is assigned the super- 


charger shaft the value / 


the value A = | when the preset springs come mito ylay 


lent inertias 
When rotating, the twist in the supercharger shaft as a result 


of the power torque results in an unsymmetrical load-deflection 


lI I 
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SOROKA—FREE PERIODIC MOTIONS, UNDAMPED TWO-DEG-OF-FREEDOM OSCILLATORY SYSTEM 


Consequently the analysis 
has been conducted for the case wherein the supercharger de- 
flections about the steady lead position do not twist the shaft 
beyond the effective limit of the preset springs in one direction, 
and, in the other direction, beyond the point where the preset 


curve about this mean position 


springs again become effective 

The preset springs are considered to come into play when the 
supercharger shaft twist reaches a value of unity in the one di- 
rection. In the other direction, of course, the preset springs do 
not come into play at all 


Summary or Resutts 


Results of the analysis are shown in graphical form in Figs 
2 to 8. These figures reveal curious and very interesting char- 
acteristics caused by the nonlinearity, which to the author's 
knowledge, have not been suggested in any other work. For 
example, Figs. 2 to 5 show how the wave form of the free vibra- 
tion changes successively from the approximately conventional 


With 


increase 1n amplitude the « xpected decrease in freque ney occurs; 


form of Fig. 2 to the unconventional forms of Figs. 3 to 5 


but an unexpected trend is the growth of the number of oscillations 


of the linear shaft in a period. Such motions would be entirely 


overlooked by ordinary methods of analysis in which the non- 
linear stiffness would be replaced by average linear stiffnesses cor- 
responding to given amplitude ranges 

4 second set of vibration wave forms is shown in Figs. 6 to 8 
These might be considered as corresponding to the higher vibra- 
tion mode of a linear system. At low amplitudes they are char- 
acterized by higher frequencies than those of the first set, but 
with increasing amplitude the Irequency drops to values in the 
range corresponding to the first vibration mode, albeit the ampli- 
tude for the same irequency ts greater 
Although force 


calculations have 


d motion results are not presented at the pres- 


been made to determine the 


time Ome 


effect on the periodic free motion of a force ot the same pe riod 


The condition was set that the net work done by the force over a 


romplete cycle must be zero (undamped forced motions). It was 


found that for a given frequency, the foreed motion differs con- 


siderably from the free motion when the amplitude « force 
t acting 


resultar spring torce 


is relatively 


is comparable in magnitude to the 
forced inertia. When the force 
the forced motion apparently differs but litth 

The forced 


forms when the nonlinearity 


on the amplitude 


motions, like the free motions, have 


unorthodox wave is pronounced 


Meruop or ANALYSIS 


the general system follows 


ve engine inertia 


supercharger inertia (referred to engine 


stiffness of shaft 
j 


engine speed 


propeller 
ffective stiffness of supercharger sh 
springs inactive 
= effective stiffness of supercharger 

springs active 
ertia J 
rtia / 


which the 


= instantaneous angular displaceme 
instantaneous angular displace mt 


= the twist in the supercharger shaft above 


preset springs are active 


Instantaneous torque in shaft k, 


tT, = 
7; = 


instantaneous torque In shaft ke (or 4 


From the geometry of the arrangement 
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T, = ki, 
T, = ke(O, 
= ky (0. 6,) 


6,) for values of @ — 6, less than « 


c(k; — ky) for values of 6, — @, greater than c. 


Application of the conditions of equilibrium to each inertia 
yields the following differential equations 
16, + T,—T; = 0 
16. + T: 
1] and [2] become 


For values of @, — @, less than c, Equations 


1,0, + ky, 2 (0, )= 0 


= (0 


For values of 6, 6, greater than c, Equations | 


1,0; + ky, 
1 6. 


To put Equations [5] 
and [4] 


and [6] into the solvable form of Equa- 


tions [3 it is necessary to introduce a change of variable 


Let 


The n 


and | quations and [6 


Ss 


Equations [3], [4 7], and [8] now may be solved by usua 
j 


determine the natural frequencies and amplitude 
Thus 


natura 


methods to 


ratios in the intervals in which these equations are valid 


for the interval governea by Equations [3] and [4] the 


frequencies are 


Similarly, for the interval governed by Equations 


natural fre quencies are 


The general solutions of Equations [3] and therefore 


sin (/ + C, sin (Bot + 3 11 


Dz sin (Bt + 3 12 


where ( D,, De, &, & are constants to be determined from 


initial and final conditions 


The general solutions of 


A, sin (wl 


where A;, A», B,, Bo, &, & are similarly to be determined 


interval during which @ 6, is greater 


and [14] describe the 


Let t represent the time 


than c, so that Equations [13 motion 
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let ; represent the time interval during which 6,—, is less than c, kK + ckz 

so that Equations [11] and [12] describe the motion. At the Wire 
start of interval t,, let the position of J, be given by 6 = K; then 
the position of I, will be @. = K +c. At the end of the interval 
t,, let the position of 7; be denoted by 6, = M; then the position 
of J, will be 6 = M +c. The final conditions for the interval 


BC, sin (Bite + 8 82°C, sin (Bot, + 6 


8,°D, sin (Bitz + 6 - B*Dz sin (Bote + & 


t, become the initial conditions for the interval t, and since a 


complete cycle is accomplished in the interval t; + , the final It can be shown that 


conditions for the interval ¢ are the initial conditions for the in a = tin feck 4 
terval t,. F 
The displacements, velocities, and accelerations at the be- sin ¢@ = sin (wot 


ginning and end of each interval are as follow 
sin 6; = sin (8,4. + 


First Interval 
Fort = 0 sin 6, = sin (Set, + de) 


To do this, eliminate K from Equations [15] and [16] and com- 


[20] in order to determine sin ¢ and sin @ 


bine with Equation 
Similarly, eliminate M from Equations [21] and [22] and com- 
bine with Equation [26] to determine 


2 + > Thus 


= sin (wot 
Similarly, from I quations [27], 


1 COS (af 


1B, cos (art 


VW 
simultaneously 


Equations [21 
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From Equation [21 | 


+¢@)=M A, sin (wt; + @ 


Az sin (art; 


Substituting into Equation [25 


kiM + cke 
rf 


w,7A, + ¢) 


SIN (wt; 


whence 


By virtue of Equation 


Therefore 
K=M 


same methods the following expressions, paralleling 


[43] and [44 


By the 


Equations are obtained 


break in the deflection 
fact that K = 
by 


24) and Equations [35 36], [29], 


vy of velocity through the 


supercharger shaft 


The 
characteristic the 
VU re sult in the equality of the velocities given, respective ly 
Equations [17 18], [23], 
30 By making use of these relationships the final equation 


which determine the solution of this problem | 


conti 


and the 


derived 


It is evident from Equations [39] through 
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cot & = cot (Bile + 4) 


cot & = cot (Betz + 3) 


Substituting these conditions and also the symbols a, through 
d, given by Equations [43] through [50] into the pairs of Equa- 
tions [17] and [35], and [18] and [36], the final equations to be 
satisfied are 


Ww, COL d Tt ard, COL @® = Bic, cot 4, Bxty Cot 4, [51] 


wi COt od + abe cot @ = Bid; cot Bed, cot 8 [52] 


Exactly the same equations would result from the use of the 
pairs of Equations [23] and [29], and [24] and [30). 

In order to use Equations [51] and [52] it is necessary to derive 
the relationships existing between the phase angles ¢, and ¢ 
and between the phase angles 6, and 4. Referring again to 
Equations [39] and [40) for values of ¢, arbitrarily chosen in the 
+ @ must fall in the second quadrant by 


first quadrant, of, 
Or, choosing negative values of @ 


virtue of Equation [39 
in the fourth quadrant, ot, + ¢, must fall in the third quadrant 
Therefore, expressing the angles in degrees 


wh +d = 180 >i 


180 2¢1 
i = 
aw 


Likewise, by virtue of Equation [40] 


+d = 180n ge 


wel 


where n is an odd integer so chosen that ¢@ falls in either the first 
or fourth (negative values of ¢) quadrants for convenience. The 
theory and results would be unaffected should n be so chosen 
as to place ¢@ in the second or third quadrants Hence 


180 n 


wrt 


By the same reasoning 


56] 


solved simultaneously to ex- 


The resulting equation 


Equations [51] and [52] may be 
press cot 6, in terms of cot @ and cot @ 
is 
(ayd. 
col 
00 deg 
with the 


are determined by trial in the range 


The 


to +90 deg so as to satisfy either Equation [51] or [52 


values ol @ 


sid of |} quations 54 57 and [56 


SumMARY OF Procepure in Derermininc Free VipRations 


1 Determine the two sets of natural frequencies of the system 


and | 10 
f values for A 
a, Ge, C Pn, € ‘ , d, 


from I quations [9 
2 Assume 
3 For each A « 
through [50 


negative and positive 
d, by 


4 SeTICsS 


valuate means of 


I quations 43 


4 Substitute values determined in steps 1 and 3 into 
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Equation [57] and evaluate the coefficients of cot ¢, and cot ¢ for 


each value of K. 

5 Make a table of values of ¢;, ¢@ (from Equation [54] 
their cotangents, covering the range of ¢, between —90 deg and 
+90 deg. The interval between successive values of oi depends 
on the specific problem and is subject to change after the first 


and 


trial 

6 Choose one of the values of K assumed in step 1. Using 
the coefficients of Equation [57] for this value of A, determine 
for each ¢, the value of cot 4, and then 4,. 

7 Determine 4 by means of Equation [56] and tabulate its 


cotangent 

8 Substitute cot d, 
Equations [51] and [52 For certain values of ¢, the numeri- 
cal magnitudes of the two sides of this equation approach each 


cot d, cot 6, and cot 6, into either one of 


other 

9 Pick out the points which show the tendency to satisfy 
both sides of the chosen equation, and, by successively closer 
approximations, determine the values of ¢ which satisfy this equa- 
tion to the desired degree. This simultaneously determines the 
other angles, ¢», 5;, and 6 

10 Calculate the elapsed times ¢; and & for each satisfactory 
value of , from Equations [53] and [55 

11 Calculate the “circular” frequency of the 


ach ¢, by means of the expression 


vibration for 


JOURNAL OF APPLIED MECHANICS 


JUNE, 1950 


2r 


ith 


yrre- 


12 Tabulate the sines of ¢;, ¢:, 6, 5: and determine the c« 
sponding values of A;, As, Bi, By, Ci, C2, D,, Dz from Equations 
[43] through [50] 

13 Substitute the amplitudes, phase angles, and times het 
Check each pair 
the 


7. 
ul O 


determined into Equations [11] through [14] 
of equations so obtained to see that all the basic conditions of 
In general, not 


analysis are satisfied by these solutions 
these solutions are satisfactory 
14 Repeat 


until ihe desired ranges of frequencies or amplitudes ar 


steps 6 through 13 for successive values of A 


e covered 
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Stresses and Deflections of Cylindrical 


Bodies in Contact With Application to Con- 


tact of Gears and of Locomotive Wheels 


By H. PORITSKY,' SCHENECTADY, N. Y. 


From the well-known Hertz theory of contact stresses, 
where contact is over a finite area, the more elementary 
two-dimensional case of contact between two cylinders 
with parallel generators may be obtained as a limiting case 
by allowing the contact area to become infinitely long in 
one direction. However, it is easier to obtain it directly; 
this is done in the paper. 

TS 


1 Summary or Rest 


QUATI INS are obtained for the two-dimensional stresses 
and deflections of two cylindrical bodies in contact under 
both These 


pressed in the terms of proper 


normal and lange ntial reactions are @\X- 


Airy functions, from which either 
the case ot pl ane stress or the case ¢« f pl ane strain can be obtained 


The former applies to very un ates in contact, the latter to 
The f pplies t thin pl t the latter t 


contact between long cylinders 


twice 


Curves of constant principal stress difference p ] 


maximum local shear) are given for a normal Hertz load, for a 


tangential load proportional to it, and for a superposition of these 
0.3 


at which 


Cor flicient ot trictron = 


ind the 


two lo a 


bs 


ads corresponding to 


These curves indicate the maximum shear 


point 
it occurs 


Applications are made to contact between gear tee h as well 
as to contact between rolling cylinders or a wheel rolling on a track 
both under the conditions of slip as well as under conditions of 
zero slip or locking of part of the contact area It is shown that 
several different positions are possible for the area over which 
locking takes place relative to the contact area 

The distribution of the normal] stress of the Hertz theory has to 
be modified slightly when there is also a tangential traction in 


l 


in this case the tangential loads produce normal 


case the two solids have unequal elastic constants G 20 
Gy (1 
displacements which do not match, and therefore modify th 


At the same 


2e; 


normal load distribution and make it asymmetric 


time the width of the area of contact is slightly decreased. 


A further generalization of the Hertz theory considered is in 
regard to the load distribution produced by arbitrary two-dimen- 


sional surface irregularities 


} 
al 
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APPLIED ALONG A STRAL 


BOUNDARY 


2 ConcenTRATED Force 


Consider the Airy function (1 


I 


ésin @ 


H 


= (PF = " 


Differentiation yields for the stress components 


1 OH 


oF 


1 OH 


Fis. 1 


[2] it follows that the lines of principal stress 


From Equations 


const, and the circles r = const, and that 
Thus 


can be applied to a half plane loaded at a point, 


are the radial lines @ = 
the tangential principal stress component pee vanishes. 
equ ation [1] 
or to a wedge of any angle loaded at the vertex The compo- 
nents of force applied at the origin or vertex O are the negatives 
of the traction integrals over any path AB around the origin, 
hence the negatives of 


B aH B 


Or 


oH 


Oy JA 


| 


9 


represents the increment along any path (see Fig. 2), from a point 


? Numbers in parentheses refer to the Bibliography at the end of 


the paper 
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A on one rectilinear boundary of the wedge of the half plane to a 


point B on the other rectilinear boundary. where 


bar denoting conjugates, and R 
strain the displacement (u, v) is 


2.30). 
Glu 


2.10), 


where G is the shear 
and [8] 


Equations [7 


the free boundaries 


2nG 


mm (oy 
fk 


In particular, for the half plane x > 0, Equations 
yield with a compressive 


(@ + sin @ cos @) 


showing that the net traction across a path AB from the lower 


hence Eq: m [l! repre stant 


y-axis to the upper y-axis is (F, O); 


F, O) a; i hed at the origin, 


sents the stress due to tensile force 


while changing signs one obtains 


H = 
Th 


, ‘ of F and is given by 
for function due to a compressive normal force . : 


the Airy 

plied at the origin (see Fig. 3 
For the half plane y < 0 

Fig. 4 


one obtains from Equation 


é@ + sin 6 cos @ 


Thus along the boundary zr = 0 of Fig. 3, 
force F, 


direction of the force 


JUNE, 1950 
= Rl\ig 


(F/2r) Inz 
F/2x)z Inz 


the real part of.” For plane 


given by |see (2)] Equations 


2g \9 


modulus, ¢ Poisson's ratio Applying to 


we shall evaluate the displacements along 


There results 


+ sin 20 10} 
loaded normally 


the normal! displacement in the 


is given additive con- 


e tangential displacement alor 


Comparing Equation 


sin? @ 


5] represents the stress due to a shearing 


it the « 


showing that Equation 
force F 


shown in Fig. 3 


in the direction of positive xz, applied rigin, as Seen that the 


the same re 


Turning t ite Equation e except lor the 


form 


due to a line charge of « 


normal displacement a 


sdditior 


harge 


the 


ng 


lation to the load F as the potential V 


half 


is 1D 


1 for the 


displacement of 


ring force F at a point, 


0 one obtains from | quation [10 


11} as given, except that now the 


tangent 


i displ wcement 


an additive constant, 


boundary is 


to the 





PORTTSKY 


thus indicating a relative constant displacement between one side 
of the load application and the other. 


3 Contact Berween CyLtinpers Wirn Norman Traction 


NorRMAL DispLaAceMENT ALONG BouNDARY 


For contact between cylinders subject to normal tractions (see 


to prevent interpenetration, if 18 necessary to produce 


} ig 5 








over the contact band a<2< aa normal displacement on 


each cylinder whose sum is of the form 


2\kh R 


Ri, R 


The total nort 


being tive radu of curvature of the eylinders 


ompression force between the ¢ 


denoted by F. The 


when both evlinders ar 


\ hinders per 
will be 


unit axial length radu of curvature 


will be assumed positive convex as show! 


in Fig. 5 


To solve distribution which will produce the 


parabolic displacem , over the contact band a<r<ca 


one could follow Hertz in using the analogy to the potential Vo 


1 uniforn Jume distribution of charge over an elliptic cylinder 


then allow the minor axis of the latter to approach zero, the 


major axis approach a, while keeping the total charge constant 


ind in this way arrive at a charge density and load distribution 


is \y a r 


that a normal pressure over = () 


varving Hlowever, it will now be shown directly 


produce sa normal displacement of the form [16], on either eylin 


Hertz 


the curvature of the 


der In this proof, as is customary in the theory, it is 


assumed tl except near the contact band) 


evlinder's ndaries may be neglected, so that the spreading o 


stress takes place in the same manner as in a semi-infinite solid 


For definiteness, consider the solid > 0 loaded by means o 


the pressure Is Recalling Fig. 3, and equation 10}, it will 


be seen that the normal deflection along y = Oin the direetion the 


pressure ts giver 


wplies only along y 0, it is convenient 


the right-hand member of Equation [19] for all 


\ + Recalling the 


potential an 
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and dropping the factor [14] from Equation [19], it will be seen 


that the function 


Vv a? s? In r ds 20 


represents the potential of a charge distribution of surface density 
p equal to the pressure [18 


21) 


After V has been evaluated, the displacement v on 0 is of 
tained from it by multiplication by the factor [14 
confoeal co-ordinates 


ro evaluate Equation [20] we introduce 


‘ n by means of 
y=a 
a cosh & cos 9 


isinh € sin 9 


Vhis 


the boundary of the 


see Figs. 6, 7 maps the real axis of the into 


strip DCBAE of the 


ornmers at ¢ 0 


~polame 
semi-infinite {-plane, 
the two foei a going into the ¢ 











plane os transformed into the 


The upper hall 
rip DCBAI 


imaide of the 
« lower half, depending upon how one crosses 
/ insformed into 
DCBAE im one of its ree 


1BC is prohibited, all the images o r nd lower 


it similar strip which i 


ilinear boundarie If oming over 


planes hein é 2 0 


”) 


ransformation, Equations {22 


nstormes the harmome funetior 
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function in &, ». In terms of £, 7 the function V can be expressed 


in the relatively simple form 


» 


“S cos 2n 25 


V = 
where A, B, ¢ To prove this one must 
show that (for proper values of B, C 


are proper constants 
the function V given by 


Equation [23] satisfies the following conditions 


(a) V is single valued in the (x, y)-plane 
iBC 


oy which is continuous over 


b) V is continuous over 
(c) V has a derivative Oo} 


> a, but is discontinuous over 0, zx 


(>) inp 
a ~ 
oy 0 


OQtor 2 


a as follows 


d) V behaves at infinity like 
2F in 
verified i l-quatior 


These four requirements on V are readily 
| 


23 | (see Appendix) provided that 


" 
results for 


Recalling the factor [14] there 
along ABC, due to the load [18 


while outside the loaded area, along CD there 


Replacing 


equation [20 


Viehis 


where 


Denoting its « 
0 by G,, @ 


rhe foregoing applies to the lidy>o 


constants by G,, 0, and those of the solid 
obtains for the net relative 


displacement which is 


Interpenetratior 
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Equating the coefficient of z? to C’ in I quation 17), there re- 


iF /1 
7 G, 


SF ( o;* l ( 
6 E, E, R 


A plot of the normal displacement given by 
and {31 
It will be noted from Equations [31 


sults 


Equations [28 
is shown in Fig. 8 

that the lispl cement of the 
loaded region relative to the region at infinity becomes infinite 


This is due primarily to the fact that the stresses at infinity de 


rom the 
Henee the 


integration of the strains, vary 


crease inversely as the distance origin 


he same statement applies to the strains displace 


vents, which are obtained by 


with 2 + y? This phenomenon 1s also 


ogarithmically 


observed for the displacement due to a concentrated load 


I qua 


tions [10], [11 In practice, for a finite object, the disp 


nent need only be evaluated relative to a point in its 
niddle, rather than relative 
] 


eference point is a little uncertain in any ( the 


to the region at I this 


rather slowly ‘ ’ that 


the net displacement obtained is not sels] nnet f th 


logarithmic term increases 


position of the reference pont 


We conclude this secti« 


cost 


ich will be utilized 
members of | quations 


ity of their rea pa 


t Arry Funerion 


We sh 
0 loaded as tn the 


plate 
| pressure 
given by [18 
Using the form Equ 
F, but rotating 


hange fron 


or, since 4 


Airv’s functior 


where / det the imaginary part « distributed load 
8}, by Equation [36], t he Airy 


function 
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V* NORMAL DEFLECTION, 


n 


NORMAL OEFLE 


TO HERTZIAN NORMAL 1 


a poe eg F 





The first int 
preceding st 
treated by si 


with the facte 


matior 


ntegr il I qu itt 


Differentiation of Kquation 


Substituting from bquation 
one obtains for the Airy functior 


dH 
7 
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ind these values of X,, Y, are in agreement with Equation [18 


and, further differentiation 
in the form of Equation [7], one ob- 


Writing Equation [42 
tains the following expressions for g, f in terms of ¢ and z 
oH 2F 


oy? ra 


. € cosh ‘) 
oH aF .. 


ardy sinh ¢ 


Y= 


lence Equation [9] yields for the displacement 


oH 2k / a eG in 


: ni 
t siti 
oF T 7 1 ‘ » } 
The sum of the two principal stresses od A) 
mt agreeing (except 


For y = 0 this yields a normal displaceme 
[29], and a 


or an additive constant) with Equations [28] and 
ingential displacement 

The Mohr circle data, the principal stresses p, g, the photo- 
elastic curves of constant retardation p q, and the isoclinies 
are readily found from Equations |44 

Over 0 the traction integrals obtained from [equations 
43! by replacing x by 

a cosh é 


a COs 7 


a cosh 


corresponding to the boundari« 
here results 
OH I 


Ol n 


he applied tractions can be 
ferentiations, or obtained 


yield for 


eTion Berwt 
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From Equations [5] and [54], one obtains for the Airy function 


2 Ty / a 
wa* ] . 
2Ty 


xq? 


H = 


Integrating by means of Equation one obtains 


The stress and displacement components may be found as in 


receding section; there results 
4 


oH 2Ty 
= 1 


or 
oH 
° / 


and hence 


es 


sinh ¢ 


Equations [9] and [57] yield 


Ar 


In particular, for y 0 there results 


~“/ *£ for zv7?a 
rG( utrwU 


- = sin 7 COs 9) + 
Tal on 2€ for r« 


- € 


61] 


Comparison of Equations [61] with [28], [29], [51] leads to a 
verification of the basic analogy indicated at the end of the second 
section, consisting in replacing along the plane boundary the nor- 
mal tractions by tangential tractions, and the normal and tan- 
gential displacements by tangential and normal displacements, 
respectively, as shown in Table 1. 
loads and displacements will be indicated in the following sectior 


rABLEI 


A further relation between the 
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rG a’ 


- g)x? - 
7 const, ior 7 <@ 


and hence there results the strai 


Fig. 11 contains the plot of the curves of constant p 


CURVES OF CONSTANT I2-D wrere 1 “ee 


FOR A TANGENTIAL LOAL re I= 
¥ . 

Fie. 11 ‘ 

while Fig. 12 contains the shear 

and [54] wit! 


he tangential loading Ae | 
curves for a loading which is the superposition of [18 
T = 0.3 F, corresponding to a coefficient of friction « = 0.3 


6 Retations Berween Loavs ano DisPpLaceMeNnTs ALONG 


BOUNDARY 


As eX} lained in the third section, one may arrive at the (nor 
mal) load distribution [18] required to produce the (normal) dis- 
placement i6| by means of the potential analogy utilized by 
Hertz 
tion of F(z 


Since actual solids are bounded not by ideal surfaces, but pos- 


However, a more systematic method for the determina 


for arbitrary v(x) is required, and will now be given 


sess roughnesses corresponding to a certain degree of surface 
finish, it is of interest to determine the load distribution due to 
normal! displacements corresponding to the surface irregularities 
over the contact area. To be sure, the assumed two-dimensional! 
strains will represent only a special type of surface irregularity 
The results obtained for normal loads and displacements are 
also applicable to tangential! tractions and displacements in view 
of the analogy indicated in Table 1, and applications of the results 
to locked contact surfaces will be given in the following section 


First consider normal loads only. From Equation [11] it 
follows that the normal displacement v along y = 0, due to con- 


centrated loads F,, F:,..atz = 2, 22,.. , is given by the real part 
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ZA Fae 
CURVES OF CONSTANT eal FOR SUPERPOSED NORMAL AND TANGENTIAL LOADS CORRESPONDING TO 
FIGURES 10.1) WITH T = 3F 


Fic. 12 


ant between segment |z < a only, then » may be prescribed over it from known 


, it will be noted, 18 const 
profiles of contacting solids, while for z > a no contact oecurs 


The imaginary part of ¢(z 
adjacent z,, and decreases by rF; at.z,. Hence 
and F = O there. In this case the relations [68], [69] are rela- 


The determination of the loads over xz < a and 


rG 7 es tively useless, 
vy + t ; 
11 oe) aad PF, of the displacements over |z > a is carried out by utilizing the 


a conformal mapping [22] of the half-plane y > 0 on the semi- 
infinite strip DCBAE in Fig. 7. The requisite solution is ob- 


per unit z, one introduces 
tained by expanding v along CA in a series 


Similarly, for distributed loads F(x 


the analytic function for y > 0 


~ P ia F(s) In (z — )ds 


whereupon one proves 
R |¢(z 


Iie(z)| = of, * F(sids = #V(z), 1 [e'(2)] F(z). [68 


Thus along y = 0 the integral of the load is proportional to the 


conjugate harmonic of the normal displacement. 

Reealling familiar integral relations between the boundary Cn + >? Bus " sin nn 
value of the conjugate harmonic function R [¢(z)], 7 [¢e(2 = 1 
0, one obtains, except for additive constants 


and hence 


wV(r) along y 
where C is a real constant related to the total load thus 


The distribution of the load may now be determined from 
> 


where the singularity at s = ris to be treated by using the Cauchy + TB, n cos nn 
asin” 


principal value 
} 


f ars lim (f° ~* 4 Dave 70 The displacement along 


The second relation [69] follows, indeed, from [66] by integra- 


> ais given by 


tion by parts. The first relation [68] may be used to determine 


Vir) and hence F(z when is given 


More commonly, uf there is continuous contact over a certain 
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stant displacement over |z| < a is considered in the next section. 
Equation [71] yields By = const, B, = 0 for n > 0, and from Equa- 
tion [75] it follows that F(r) varies as 1/¥ ‘a? z® (see 
Equation [104}). 

Another example is furnished by the Hertzian load distribu- 
tion given in previous sections. The displacement [16] leads to 
Bo, B; as the only nonvanishing coefficients in Equation [71] 

A more difficult situation presents itself when surface irregu- 
larities are such that contact occurs not over one continuous area 
but over several “high spots’. The resulting load distribution may 
be obtained by superposition of the foregoing solutions for each 
contact interval. 

It must be borne in mind, however, that the load distribution 
which assures contact over one interval, also produces displace- 
ments over other potential contact intervals, and hence affects 
there. Therefore the 


simple process, but involves successive corrections both in the 


the interference superposition 18 not a 
division of the total load between several contact intervals, in 
the width of these intervals, and in the amount of interference 
and the load distribution over each interval 

Comparison of V(x), defined by Equations [68], with the tan- 
gential displacement u under normal loads F(x) along y = 0 (ob- 
tained by integration of Equations [12]), with proper allowance 


for interchange otz and / and u and v) 


shows that u is proportional to V(r), the integrated load up to 


4 If the elastic constants of the two contacting bodies are 
equal to each other, this displacement is the same for both bodies 
and causes no slip between the bodies as the normal load is ap- 
plied. On the other hand, if the elastic constants are different, 
then the tangential displacements for the two solids are in pro- 
portion to their respective (1 2¢)/G, and slip must occur, un- 
less it is prevented by the action of friction 

If, in addition to normal traction F(x), tangential forces T(z 
also act over the contact area, then the calculation of the displace- 
ments due to the 


latter, both tangential and normal, may be 


found from 7 by means of the foregoing equations and the 
analogy displayed in Table 1. It must be kept in mind, how- 
ever, that whereas the reaction of a pressure traction 18 still a 
pressure traction, the reaction of a positive drag or shear traction 
is « negative traction and causes a reversal of the tangential dis- 
placements along the boundary. On the other hand, if the elas- 
tic constants of the two solids are equal to each other, the normal 
displacements due to T(z) do not interfere with the fit over the 
contact interval If the elastic constants G/(1 2c) are not 
equal, then the effect of tangential tractions is to cause a redis- 
tribution of normal] load, and is equivalent to a proper surface ir- 
regularity 

Over portions of the contacting solid boundaries y = 0 with 
(normal and) tangential tractions where there is no slip, the dis- 
The determination of T(r 


although the dif- 


placement u must match for given 


u(x) is analogous to that of F(x) for given r(zr), 


ference in sign of u indicated leads to a new situation. One such 
example is discussed in the following section 

Next, let us consider the redistribution of the normal load from 
its Hertzian expression [18] for contacting solids with unequal 
elastic constants G l 2e,), G:/(1 20; subject to both 
normal and tangential tractions. It will be assumed that slip 
occurs over the contact area, so that only the normal displace- 
mate hed, 


ments must be and that the coefficient of friction u is 


constant so that 


78 
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Superposition of the net normal displacements measured inward 
for each solid and utilization of Equations [11] and [15] yields 
for the net displacement 


» a 
htm = Kf 


where 


K: f, F(s)ds + const. . [79 


In r F(s)ds 
. . 


o2 , 
9 Ky = 
Gs 


We now introduce ¢(z) as in Equation [66] and note that Equa- 
tions [68] still hold 
tain from Equation 


In place ot Equation 67 . however, we ob- 


(79 


% +m = KR [elz + Kol lolz [80 | 


The solution for F(z) is again carried as in Equation [66] by 


means of the conformal mapping [22] by expanding ¢ as follows 


+iB [81] 


and similarly expanding v over the contact interval in a Fourier 


series in ». In particular, for smooth contacting solids, x, + v2 as 


given by [16], [17], and [81] may be reduced to 


e(z) = i Bot + +t Bye [82] 


Replacing the left-hand member of Equation [80] by [16] yields 


1, = C’a?/2K\(1 4 


K,?/K;? ' 
i, = A,K,/K, ; 


83] 
and I quation 80] now leads to Ay = 0 and to 
4A, : 
F(z) = ~1 Va? , Ag si 
ra* 
The term z K,/K, constitutes the effect sought and leads to an 
asymmetric normal load distribution At the same time Equa- 


33) which can be written in the form 


4 l l 
a? = 4FK ( + ) 
¢ R 


tion 


is modified into 


= 4FK 1+ K/K) (- 


i 
le uding toa slight de crease ind 


7 APPLICATION TO CYLINDERS IN SLIDING AND Ro.iiunG Con- 


ract UNpeER NORMAL AND TANGENTIAL TRACTION 


tolling contact under normal load ecceurs in rail wheels, and 
under normal and tangential load in locomotive driving wheels 
and in braked rail wheels. In contact of gear teeth, rolling con- 
tact occurs at the pitch point, and possibly near it; elsewhere 
contact is of the sliding variety. The sliding or slip velocity be- 
tween gear teeth when contact is at a point P on one of the gears 
is given by 

V, =dAl1 +R 87 | 


PA 


normal from P to its intersection A with the pitch circle, w is the 


where, as shown in Fig. 13, d{ = is the distance along the 


gear rotational velocity (in radians/sec), and R = w/w = n/n’ is 


the speed ratio of the gear and its mating gear 
the latter 


primes refer to 


nto the number of teeth. In some cases this slip 


velocity may reach a value as high as 30 per cent of the rotational 
velocity at the pitch radius 
At slipping contact, if the coefficient of friction uw is constant 


1 


and if the two cylinders possess the same elastic constants, the 
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state of stress for ideally smooth surfaces may be obtained by 
superposition of the solutions of sections 4 and 5, placing T = uF 
in the latter. Indeed (neglecting tooth distortion and bend- 
ing), the normal Hertz stress F(x) produces normal displace- 
ments over the contact band + < a which reduce the curva- 
ture’and assure contact over that band. The tangential load 
distribution 7(z) also produces a normal displacement, but as 
indicated in the preceding section, for the same elastic constants 
between the cylinders, this does not affect the fit over the con- 
tact area; it merely causes the contact always to “run uphill.” 
On the other hand, 7(z) also produces a tangential displacement, 
and this differs in sign for the two contacting surfaces, thus caus- 
ing slip; however, this slip merely adds to theover-al] assumed slip. 

Generally, it is assumed that oil is squeezed out in gear con- 
tact over the Hertz contact area, and there is metal-to-metal 
contact there; hence the coefficient of friction 4 over that area 
may be fairly high. 

It is to be pointed out that the quantity (1 m 
ure of the gear efficiency, since the slip velocity against which the 


18 not a meas- 


friction force uF operates is only a fraction of the rotational speed 
at the pitch point, 

For cylinders in rolling contact under normal loads with torque 
transmission, slipping may take place over part of the contact 
where 

uP 88 


while over the rest of the contact area, where 
T < pF 89 


the two surfaces in contact are locked and no slipping takes place. 
We proceed to obtain 7(z) in this case 

First note from Equations [54], [62], and [63], that a tangen- 
tial traction 


) 
z* over £ 


Va 
applied 0 produc esa displac ement and strain 
- z over 
G 
y=, zr <a [91] 
ax well as u, ¢€ 


sponding traction 


se 
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are reversed in sign Next, superpose on (90) the traction 


> ? 99 


Vv 62 z* over |Z < 0, | { ps 


leading to a traction shown by the solid curve in Fig. 14(a). Then 


over z < b the extension vanishes 


0, «<i 43 


This corresponds to contact in which the normal load N is first 


applied, then a tangential load 
D< uN 


is ¢ pplied. Slipping oecurs over b << 2 


the surfaces are locked; 6 is given by 


7 
a? | 


The state of stress is obtained by starting with the solution 
of Sections 3 and 4, with F replaced by N, adding the solution of 
Section 5, with 7 replaced by D, and subtracting a similar 
solution with @ replaced by b given by Equation [95], and 7’ by 
Db? /a*. 

Other possible distributions of T(z) may be obtained for rolling 
contact if “creep” is allowed. It is necessary that the extension 
e,, be constant over the locked area, although not the same con- 
stant for the two mating solids, since only in this way could roll- 
ing proceed, and any particular point move through the locked 
area without further slipping taking place. The difference in 
the constant values of e,, leads to the “creeping” of one cylinder 
over the other one. 

Note that if the semicircle of 
to a center at rz = c without emerging from the 


radius 6 in Fig. 14(a), be shifted 


semicircle of 


radius a, the resulting traction 


: ne 4 : 
iva?’ : J i ‘ »< a 06} 


toa constant strain ov 


Over the mating solid (the track, if the foregoing refers to the 


wheel), the strain is the opposite of Equation [97]. The total 
drag D = {Taz is still given by Equation [95], but now, over 
the locked interval z — c| < b, there is the strain difference Ae,, 
= 41 a )c/G, and introducing a factor to yield the net drag D 


given by Equation [95 


and utilizing Equation for the creep 


FiG.14¢ 
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I l 
de, = Cu + 199] 
. R, R, 

The foregoing solution holds for any c < (a b The maxi- 
mum value for the creep results when the semicircles of radius 
14(c). 

For a driving wheel of a locomotive on a track, 


b, a are tangent to each other, as shown in Fig 
assuming for 
cits maximum value a — 6, equating the track radius to infinity, 


there results 


100} 


One may express b/a in terms of the ratio of the tractive effort 
D to the maximum possible tractive effort D,, = uN by means of 
Equation [95] which yields 


D 
D,, 


Utilizing [33} once more there results 


D/D,,) 


Vi [102] 


Since e_, represents an elongation, Equation [102] gives the creep 


the rotation rate of the wheel, and 


2rR 


rate 


as a ratio ol 


number of wheel rotations 
{103} 
length of track covered ; 

It is not clear what determines physically the value of ¢ in any 
one case 

The creep of wheels has been studied by Carter (4 He pro- 
poses the tractive stress distribution shown in Fig. 14(c); Equa- 
tion [192] agrees with his results. 

General contact between two rigid bodies under arbitrary trac- 
tions has been investigated by R. D. Mindlin (5), although he does 
not consider the two-dimensional case of cylinders in contact, 
and is primarily interested in compliances (appreach of infinite 
regions). In the limiting case of two-dimensional stress distribu- 
tions, the compliances obtained by Mindlin (5) become infinite, 
but limiting stress distributions may be utilized. The distribu- 
tion of T(z) obtained in this way agrees with that of Fig. 14(a 
work of C 
Of some interest is the case of compression by means of a rigid 


It is 


readily shown from the analysis of the preceding section that in 


Reference should also be made to the Cattaneo (6 


die which forces a constant displacement v over x < a 


this case F(x) is given by 


F(z)/N = 1/# Va? — z? 104 


Similarly, if two solids are brought in contact over z < a and 
subjected to a tangential load while slipping is prevented over 
x <a, the tangential traction varies as the right-hand member 
of Equation [104 This case can also be obtained as a limiting 
-ase from Mindlin’s paper (5). 

The solution with creep may apply to gears at pitch-point con- 
tact. Elsewhere, slipping will take place all over the contact 
area. 

In addition to the load carried by the gear tee th in direct con- 
tact over the region where the oil is squeezed out, part of the load 
the oil due to the pressure that is developed in 


it as it is being dragged into the narrowing gap as the cylindrical 


may be carried by 
to closer contact This oil pressure has been 
and Poritsky (8 


ic distortion takes pl ace over the cylinders 


surfaces move ir 
studied by Gatcombe (7 on the basis of the as- 
sumption that no elast 
Actually, this theory should be modified to take account of the 
elastic distortion represented by Equation [31 Furthermore, 


the elastic displacement due to the oil pressure should be taken 
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into consideration in the oil-flow and pressure equations. 
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Appendix 


Proor Tuar Equation [27] Represents Intrecrat [20] 


The items to be proved are items (a)—(d) listed in the text fol- 
lowing Equation [23] 

note that the transformation [22] is periodic, 
=x << # covers the whole z-plane. Since 


Equation [23] is periodic in », the function V is single-valued in 


To prove (a), 
and the strip — > 0, 


the 2-plane. 

The values of V along ABC (see Figs. 6, 7), approached through 
positive y, and the values approached through negative y are ob- 
tained by letting £ approach zero, first for 0 < » < #, then for 

x << 0, corresponding values of 9 at the same point on ABC 
being the negatives of each other. Since Equation [23] is even 
in », the values of V are continuous along ABC. This completes 
the proof of (b 
it also vanishes 
Along CD, 
is sym- 


Since V is even in », OV /Oy vanishes for » = 0 
Hence OV /dy vanishes along CD, EA 
OV dy does not Since } 


ior”7n =f 
vanish is symmetric in 9, V 


metric in y; hence 


oV oV 
A - = 2 y=0° 
Oy /\ ABC Oy ARC 


Now the latter derivative may be computed from 


(105 ] 


oV oV /ad 
OY ABC 0 / dito 


Substituting from Equations [27] 


+ oO: 2 j 
oF = 2F ( Bia 2k. *") iF 
oO 1 AC asin 7 


and [22], there results 


107] 

105 24} has 
been established, thus completing the proof of (c) 

As regards (d), this followe from Equation [27], from which V 


tecalling Equation it will be noted that Equation 


behaves like —2F¢ at infinity, when one notes from ¢ = cosh™* 


a) that R(¢) behaves like In z = In r at infinity 





On One-Term Approximations of Forced 
Nonharmonic Vibrations 


By G. SCHWESINGER,' FORT MONMOUTH, N. J. 


Steady forced vibrations of harmonically excited non- 
linear systems deviate from a sinusoidal wave form, the 
magnitude of the deviation depending upon the frequency 
of the exciting force and the nature of the system con- 
cerned. Approximations by simple harmonic solutions 
suggested so far are either restricted to special vibration 
problems or generally fail to provide the desired accuracy 
without giving account of the errors committed. An im- 
proved general method is proposed and demonstrated, 
yielding the best accuracy attainable with harmonic solu- 
tions. This method, furthermore, gives the approximate 
root mean square of the error and thus allows for estab- 
lishing dependable limits for its applicability. 


INTRODUCTION 


PART from the procedure of purely numerical or graphi- 
eal integration, the methods of investigating the forced 
vibrations of systems with a nonlinear spring or damping 

or inertia force may be classified in three groups. 

The first group treated in this paper is referred to as ‘“‘one- 
These 
assumption that the steady forced vibrations are harmonic when 
A general simple method 
).23 Although, with 


term approximations.” solutions are based upon the 
excited by an external harmonic force 
of this type was presented by Riidenberg (1 
regard to the availability of advanced solutions, one-term ap- 
proximations might appear now obsolete and uninteresting, the 
author dares to deal with them anew because they can be essen- 
tially improved and thus gain more usefulness. 

The second group comprises the more adequate methods which 
take into account the deviation of the forced vibration from a 
simple sine wave. Solutions of this type are either obtained by 
applying the procedure of successive analytical or graphical ap- 
proximation (2, 3) or by calculating very few members of a 
trigonometrical series which approximates or equals the Fourier 
series of the rigorous solution. The latter procedure can start 
from certain more or less arbitrary mathematical requirements 
But 


unless a simple vibratory system, preferably without damping, 


(4), or from fundamental physical principles of energy (5 


is concerned, the solutions of this second group are rather cum- 


bersome even if the desired accuracy may be achieved after only 


! Consultant, Signal Corps Engineering Laboratories 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper 

?In some publications this method is ascribed to O. Martienssen 
yet very loosely and apparently not aware 
technische Zeitschrift, 1910, pp. 204 


who possibly did imply it 
of its potential scope (see Elekt 
206) 
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two approximating steps or with two series members. Some of 
these approximations are faced with difficulties when the non- 
linear characteristic is a broken or discontinuous line. 

Exact analytical solutions which constitute the third group 
were found so far only in a few special cases where damping is 
6) or where the spring characteristic 
Advantage 


produced by dry friction 
consists of adjoining sections of straight lines (7) 
can be taken of those cases for comparing the accuracy of dif 
ferent approximate methods as shown later 

The lack of further rigorous solutions on one side and the in- 
convenience of handling multiple-term or multiple-step approxi- 
mations on the other side often suggest the use of one-term ap- 
proximations, though the inadequate and vigorously simplifying 
assumption of sinusoidal forced vibrations seems likely to pre- 
clude a satisfactory result at all. Indeed, one-term approxima- 
tions are debatable. There are examples where the Riidenberg 
method proved reliable and occasionally even better than cer- 
and other cases where it was found 
Jacobsen (10 
good one-term solution for a system with linear spring and inertia 


tain two-term solutions (8) 
quite inaccurate 9). L. gave a surprisingly 
force, but any arbitrary kind of damping, by substituting for the 
actual damping law an equivalent viscous damping on account of 
which an equal amount of energy is dissipated during one cycle 
On the other hand, J. P. Den Hartog was less successful in trying 
to obtain an analogous one-term solution, namely, a solution 
based on a balance of energy of the vibrating body, for a sym- 
metrical undamped system with nonlinear spring characterisitic. 
He found that his quarter-wave energy method sometimes fur- 
nished unsatisfactory results, but gave no explanation for this 
fact (4) 

It is within the very nature of all one-term solutions that 
long as the wave form 


This fact 


explains the occasional failure of these approximations 


satisfactory results are achieved only as 
readily 
Their 


considerably if it were possible roughly 


of the forced vibration is nearly sinusoidal 


usefulness would increase 
to check their accuracy in any cases of d subt, so that more ac- 
curate solutions may be resorted to if the error is found to exceed 


an admissible limit. Besides that, none of the foregoing one- 


together, namely, a 


term approximations has both properties 
general applicability to all types of nonharmonic systems and 
sufficient accuracy without requiring much computing work 

In the present paper a one-term solution will be treated which 
fulfills the foregoing requirements. It will be shown that this 
general method comprises Jacobsen’s solution (10) as a special 


case, and it will become clearer why Den Hartog’s quarter-wave 


energy method proved unsuccessful. The new method is based 
upon the Ritz procedure which sometimes was suggested and 
applied to vibratory problems, yet without being used as a con- 
venient one-term approximation, allowing estimation of the errors 
of the solution obtained. A paper of I. K. Silverman (5) in which 
some related results are deduced in another way will be discussed 


later 
Tue New One-Term APPROXIMATION 


The differential equation of the forced nonharmonic vibration 
may be written in the most general form 
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a [m(z)z] + D(z) + f(z) = P sin (at + ¢) 

where m(z) is the mass which may be a function of the displace- 
ment z. D(z) is the damping force and f(z) the spring force. 
The system is excited harmonically by the external force P sin 
(wt + ¢), ¢ being the phase difference between the excitation and 
the fundamental harmonic of the resulting forced vibration. 
For the further investigation the foregoing differential equation 
may be written in a different form. The first member of this 
equation is differentiated and the particular resulting term which 
contains z? is combined with the function D(z) to another fune- 
tion g(z). Thus 


m(z)i + g(z) + f(z) = P sin (wt + ¢) {1) 


Although not explicitly apparent, the notation g(z) may imply 
that in the case of a variable mass g is also a function of the dis- 
placement z. It should further be noted that only the com- 
ponent D(z) of the function g dissipates energy over a full cycle 


Neglecting the higher harmonics, i.e., assuming 


z= A sin el 


is equivalent to a disturbance of the vibrating body by a force 


Qi) = m(z)w*A sin wt + g(t) + f(z) P sin (wt + ¢). . [3] 
wherein z has to be replaced by the expression given in Equation 
{2}. The force Q alters the balance of energy during a certain 


interval of time by the quantity 


B= ["Qdz = Aw f." Q cos wt dt 


Den Hartog (4 
approximation for symmetrical systems without damping by 


has tried to obtain a satisfactory one-term 


requiring the force Q nat to perform work during a quarter-cycle 
between the limits 4; = 0 and % = w/2w. This requirement, 
though quite plausible and of course satisfied in the rigorous 
solution, sometimes yields worse results than Riidenberg’s as- 
sumption that the force Q is equa! to zero at the end of every 
stroke. After having introduced the simplifying Assumption 
[2], the closest approximation of the actual vibratory curve by a 
single term will be characterized by a minimum amount of the 
integral which is taken of the square values of the disturbing force 


Q during one cycle, i.e. 
J = ty Q(t)? d(wt) = min 


This minimum condition can be satisfied by proper choice of 
the unknown parameters A and ¢, but in this form the evaluation 
in general leads to intricate equations which are hardly solvable. 
Convenient formulas are obtained by an artifice, that is, to con- 
sider the unknown amplitude A a quantity given in advance and, 
using the notation 


P, = P cos ¢, P: = P sin ¢. [5] 


to ask for the values of P; and P; satisfying the minimum condi- 
tion which then can be written as follows 


ol 
oP, 


When putting 


one finds 


i” Q(r) sin r dr = 0, 
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If in Equations [7] Q is substituted by the Expression [3], then, 
with regard to the Assumption [2] implying symmetrical sys- 
tems, some terms will vanish when integration is performed, 
simplifying the foregoing conditions to 


1 “2s 
f(z) m(x)w*A sin r 
rJ/0 


dm(z) 
w*A? cos? T 


P, = 


sin r dr {8} 
dz 


“9 


1 "2s 1 2s 
P= I g(4) cos rdr = y) D(2) cos r dr 
r 0 ” 0 


Herein P, and P: appear dependent upon the unknown amplitude 
A which itself can be computed now from the relation 


Pi? + P? = P? (9) 
The phase difference ¢ is given by 


¢ = are tan [10] 


P, 


The Equations [8], which permit all symmetrical 


tems to be solved easily, can be evaluated also numerically or 


sys- 


graphically if the functions m, f, and g are not given in analytical 
terms. 

Considering asymmetrical systems, the Assumption [2] has 
to be amplified by a further member B according to 


z=Asinre+B 


Though this amplified assumption consists of two members, it 
shall also be called a “one-term approximation,” because it con- 
The parameter B will 
4), if it satisfies the condition 


tains only one harmonic component 
minimize the integral, Equation 
ol 
oB 


= 0 


from which in connection with Equations [7] the value of B can 
be computed. The correspondent general solution is omitted 
here, since in practice the most general case as represented by 
Equation [1] scarcely will occur. An example to be discussed 
later will show the practical procedure which is considerably less 
convenient than that of investigating symmetrical systems. 

The foregoing developed soluticn approaches the exact one the 
closer, the more it was possible to reduce Q in magnitude by ful- 
filling the minimum condition, Equation [4]. The minimum 
amount of the integral J in Equation [4] may he considered a 
measure of the error of the solution due to the influence of Q 
If 7 vanishes, the solution is exact. 

As the conditions, Equations [7], 
periodic function Q(r) does not contain the fundamental har- 
monic of the period 2x, the lowest harmonic of Q(r) has a period 


express the fact that the 


2/n, n being the lowest term but one in the Fourier series which 
When estimating roughly the 
error of the present approximation, the series terms of an order 
higher than n may be neglected in Q(r), hence 


Q(r) = P, 


or, with regard to Equation [4] 


/ 
Q(r) ms \ : 


@ has to be supposed a small quantity because otherwise the 
Assumption [2] would not furnish satisfactory resultsatall. Fur- 
thermore, the disturbing frequency nw is supposed to be far 
This term is 


represents the exact solution. 


sin (nr + ¥ 


sin (nr + wp) {i1j 


enough away from “superharmonic” resonance 
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suggested in reference (11) for a vibratory motion in which a 
higher harmonic component of the order n is dominant over the 
other harmonics, including the fundamental one. Under these 
suppositions the small force Q, acting on the nonharmonic system, 
will produce an additional small deflection of the vibrating body 
of an amount A, not too much different from what would occur 
if the same force Q would disturb a linear system with a spring 
constant £ and a mass m, both being certain intermediate values 
of the variable quantities k = f’(z) and m(z), respectively. Be- 
cause damping may be neglected as having no essential influence 
on this estimation of errors, one obtains 


I 


\; 


2 


I 
\2. 


mn*w* — k 


[13] 


The choice of m and & is not critical as long as, in accordance 
with the foregoing supposition of avoiding superharmonic reso- 
nance, n*w? is restricted to values considerably greater than k/m. 
Then the values k, m may be taken equal to the mean values of 
k and m within the range between zero deflection and maximum 
deflection A or, still simpler and mostly sufficient, equal to the 
values at the middle deflection '/,A. The final choice should 
consider the inherent characteristics of the system; n has to be 
substituted by 2, in general, but by 3 in the case of symmetrical 
systems the solution of which is represented by a Fourier series 
with members of odd order. 

The square of Equation [3] when expressed by the variable r 
may be written 


QXr) = 


+P; cos r) — P;* sin’ r P? cos? r 


+ f(x)}? 2Q(r) (P; sin + 


2P,P; Sin rt COs Tf 


[—m(z)w? A sin r + g(z) 


wherein z has to be replaced by A sin r. Integration of this ex- 
pression between the limits 0 and 2 resu.ts, with regard to the 
conditions, Equations [7] and [9], in the following relation which 
is useful for computing the numerator of Equation [13] for sym- 


metrical systems 


[—m(x)w?A sin rt 


+ f(z) + (2) |*dr {14 


The foregoing. estimation aims at finding a reliable lower limit 
of the frequency w down to which the suggested one-term solu- 
tion may be used without exceeding a certain prescribed error 
The possibility of establishing such a limit without much addi- 
tiona! computing work is an essential attribute of the new solu- 


tion. Its reliability will be demonstrated later. 


Comparison With Orner One-TerM APPROXIMATIONS 
It has been mentioned that the method treated in this paper com- 
prises Jacobsen’s procedure of equivalent viscous damping (10 
as a special case which yields good one-term solutions for sys- 
tems with straight spring characteristic and constant mass as 
represented by 
mi + g(t) + kr = Pain (wt + ¢ 15 


Applying Equations [8] and [9] in this case furnishes 


A sin? r dr 
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from which 
P 


k mw? 


16 


Jacobsen’s procedure first requires the determination of the 
dissipation of energy V by damping during one cycle. If the 
forced vibrations are assumed sinusoidal, it amounts to 


V = Sf g(z) dz = Af,” g(z) cos r dr 
cycle 


or, with respect to Equation [8], to 


V = rA P, 17 
This amount of energy has to equal the loss of energy Vo of an 
equivalent system with viscous damping which obeys, as is well 
known, the ¢'fferential equation 


m 


The equivalent energy dissipation 


VY, = Lt rewA i8 


Equating V and V» furnishes the equivalent damping constant 


This value has to be inserted into the solution of the 
linear differential equation which gives the amplitude 


an equation identical with Equation [16 Hereby it is verified 


that Jacobsen’s solution is a special case of the new one-term 


approximation. It may be recalled that the latter was not de- 
duced by considering the balance of energy of the nonharmonic 
system 

An attempt (4) to obtain in this way a useful one-term solution 
for systems with symmetrical nonlinear spring characteristics 
failed to give satisfactory results. In the case of such a system 
without damping, as investigated by den Hartog, the second 
Integral [7] always vanishes if P; 0, that means, if the phase 
angle ¢ between the exciting force P and the forced vibration is 
zero or 180 deg Then the force Q(r) 18 an odd function of r so 
that the first integral in Equations [7] is allowed to be evaluated 


? without changing the result. 


between the limits zero and 7/2 

Thus the condition of best approximation for undamped systems 
becomes 

i) *"/* Os) sin r dr = 0 20) 
) ¢ ] 


while den Hartog required the force Q not to perform work during 


a quarter cycle, corresponding to 


Since the force Q contributes to the total amount of its work 
mainly when it covers great instantaneous displacements near 
the middle position of the vibrating body, the approximation 
achieved by the quarter-wave energy method will be close in that 
range near the abscissa axis. On the other hand, the new ap- 
proximation eliminates the disturbing influence of Q rather in 


the range of large deflections z, wherefrom it may be concluded 
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that it always will furnish more accurate values of the ampli- 
tudes than the quarter-wave energy method. It also becomes 
rather plausible that Riideaberg’s approximation which: assumes 
the forces to balance each other just at greatest deflection (r = 
«/2, 34/2, ...) often proves nearly correct. 

A simple and immediate physical explanation of the failure of 
the quarter-wave energy method is not readily at hand because 
the assumption it is based upon is fulfilled in the rigorous solution 
of the considered problem. One might object that other physical 
principles of energy of wider scope like Hamilton’s principle are 
available, which can be applied also to systems with damping. 
In fact, if this principle is applied, one obtains the same results 
as derived in this paper in another way and expressed by Equa- 
tions [7]. I. K. Silverman (5) first has used this principle to 
obtain excellent two-term approximations for the special case of 
undamped systems with nonlinear spring characteristic. Omit- 
ting the second term of his solution, the first term is found to 
be identical with Equation [20]. However, in comparison with 
applying Hamilton’s principle, the method used in this paper 
seems more advantageous because immediately it permits an 
estimation of the errors. 


SpeciaL EXaMPLes 

It would be instructive to apply the method described to most 
different types of nonharmonic systems and to compare its re- 
sults with both the exact solution and Riidenberg’s one-term 
approximation. Systems with nonlinear damping might be ex- 
cluded from this consideration because, as shown before, the 
new method would furnish the same results as Jacobsen’s pro- 
cedure applied to such cases (10). But the scheme just out- 
lined meets the difficulty that exact analytical solutions are 
known only for a few special cases and that comparable results 
of other papers on this subject, in general, refer to some simple 
basic systems the thorough investigation of which is still remark- 
ably intricate. For these reasons the selection of examples was 
confined to the following three cages. 

The first case deals with a symmetrical nonlinear-spring char- 
acteristic which has an initial set, as indicated by the solid line 
in Fig. 1, and consists of sections of straight lines so that, even 
if viscous damping is assumed, an exact periodic solution in closed 
form can be obtained in the way originated by Den Hartog. 

The differential equation of this systein is 


mi + ct +hkr T Fo = Pain (ot +¢ 
the plus sign being valid in the range 
0O<2z2<A 


and the minus sign in the range 
-A <2z<0 


Introducing new variables and parameters, namely 


kK m 3 c 
P Vi 2 \/ mk 


yields with respect to Equation [6] 


Y [23] 
Now the conditions, Equations [8], have to be evaluated, as 
easily seen by comparing Equations [1] and [23], with the func- 


tions 
f=ytb=Asinr tb 
g = 257A cosr 


2 = 2 


wt = > 
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Hence 


l . 
P, = f [A(1 — y*) sin r + b] sin r dr 
? 0 


1 Qn 4 
+ f [A(i — 7") sin r — d] sin rdry = A(1 — y+ -b 
ad 7 


” 


l 7 
Py = | 257A cos*:r dr = 2i7A 
n 0 
and because of 
P;? + P; =1 


one obtains 


8 
vy)? + 48*yJA2 + - (1 — yA + 
7 


45 >? 


(25) 


The expression, Equation [25], represents only one of the two 
roots of the quadratic Equation [24]. The other root differs from 
the first one by the opposite sign of the first member in the nu- 
merator and does not apply to the present problem. This ap- 
pears from the fact that, when assuming the second root, the 
absolute static deflection (y = 0) under a certain disturbing 
force would become greater than that of a linear system in which 
b = 0. This is doubtlessly impossible because the nonlinear 
system just considered has a greater restoring force. Since the 
second solution furnishes the same absolute value |A| as ob- 
tained from Equation [25] after changing the sign of 6, it must 
be concluded that the second root pertains to the dotted spring 
characteristic of Fig. 1. 


f(x) 4 


System IncorporatTine Linear Sprinos Wirn an Initiac 
TENSION 


Fic. 1 
According to Equation [14] 
y*) sin + + b]® + (287A)? cos? rj dr 


b}]? + (28yA)* cos* r} dr 


+ §? 
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Since in the symmetrical system considered here the first 
superharmonic resonance may be expected when y approaches 
the value '/;, it follows from Equation [13] after putting there 


; b V' 


Y 


[27] 


a 


The i 
expressed by a formula which is obtained from Equation 


tiidenberg approximation, as can be easily verified, 


by replacing there the factors 4/x and 16/x* by 1. 

Instead of writing down now the somewhat lengthy exact solu- 
tion of the foregoing problem, a numerical example may be 
given in Table 1 which is computed with the values b = 0.25 and 
6 = 0.2. The figures in row I are the exact amplitudes while 
row II represents the new approximation, and row III the 
Riidenberg solution. 


The last row gives the mean error ja 
y 


~~ 
a 


[é 
| 
t 


computed from Equation 


TABLE 1 NUMERICAI 
0.5 0.75 0.9 1.0 1.2 1.5 2 4 
0.824 1.336 1.978 2.358 1.815 0.916 0.417 0.0865 
0.888 1.360 1.993 2.368 1.824 0.921 0.420 0.0872 
0.973 1.477 2.109 2.420 1.769 0.880 06.399 0.0827 
0.087 0.003 0.0008 


EXAMPLE 


0.027 0.017 0.013 0.009 006 


Table 1 shows that the errors of the Riidenberg solution in 
average are about 7 times larger than those of the new approxi- 
mation, and that the mean errors listed in the last row check 
surprisingly well with the actual errors of the latter approxima- 
tion as long as y does not too nearly approach the first super- 
harmonic resonance. If, for instance, an error of 3 per cent is 
supposed adraissible, then it might be concluded from the figures 
Il and a 


term approximation may be applied if y is not smaller than 0.7, 


without knowing the exact solution that the new one- 


and this conclusion would be quite in accordance with the actual 
conditions 

Fig. 2 shows the response curves I, II, and III pertaining to the 
numerical values. Curve I represents the exact deflection of the 
vibrating body midway between two consecutive zero positions 
This mid-deflection is not identical with the greatest deflection 
if the vibratory velocity changes its sign more than once during 
a half cycle 
resonance and nearby, entailing the oscillations of curve I in that 


The latter case just happens at superharmonic 


25 -——— 

| EXACT SOLUTION 

| NEW APPROXIMATION 
+ RUEDENBERG APPROX 


0 





16 1820 25 30 


—o7 


02 04 06 o8 10 12 14 
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frequency range. Outside this range, the exact solution I and 
the new approximation II are so closely spaced as to appear fused 
whereas the Riidenberg approximation III cle .rly deviates from 
the exact course over the whole frequency range of Fig. 2. 

The second case is represented by the undamped system with 


S(z) = ker + kx’ [28] 


which has been investigated by many authors, thus offering 
several approximate and also exact numerical solutions for com- 


parative discussion. Substituting again 


kor 
P 


,¥=e 29) 


and regarding Equation [6], one obtains from the differential 


Equation [1] 


dy 
T>. +0 t+a@ 
dr? 


Because no damping is involved, the conditions, Equations 
and [9], furnish 


1 sin r + aA‘ sin'r y? A sin r) sin rdr 


31] 


C. R. Wylie, Jr., 


of the undamped system, Equation [28], by 


9) has discussed several approximate solutions 
comparing them 
with the exact numerical solution. In the following, reference 
is made to Fig. 3 of his paper which shows the response curves 
of this system pertaining to the value a 1. The Riidenberg 


approximation* 
aA 


is contained in reference (9) as Equation [5] and plotted as curve 


3) in Fig. 3 of that paper It is stated there that this curve is 


inaccurate Drawing the curve corresponding to Equa- 


$1] herewith, one w'll fin: 


“quite 
tion that this curve closely coincides 
with curve (5), which results as first step of approximation from a 
A. Stodola and 


This procedure is commented to 


rather inconvenient procedure suggested by 
modified by M 


“furnish quite accurate results 


Rauscher. 
The comparison readily shows 
that the new approximation, though of about the same accuracy, 
is obtained in a much easier way 
On the assumption that the error of the amplitude is not 

exceed an amount of 3 per cent, it appears trom Fig. 3 of reter- 
ence (9), that the Stodola-Rauscher approximation may be used 
0.8. Inserting this frequency limit into Equa- 


implitude A 0 


as long as y > 


tion [31], one obtains the 156 and from that 


by using Equation [14 


0.0239 


According to the differential Equation [30], the absolute value 
The 


may 


the rest force varies between zero and A + aA 


ring 
wring 


mean value & to be substituted into Equation [13], therefore 


be taken equal to 1 + @A?, that is, equal to 1.9. After putting 


n 3 and mw* y?, one obtains from 


‘In reference (9) the notat 
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= 4 per cent 
A 
This error is a little greater than the assumed value of 3 per cent. 
In fact, when plotting in Fig. 3 of reference (9), the amplitude 
A according to Equation [31], one will find that the point per- 
taining to y = 0.8 lies slightly farther off from the exact solution 
than the Stodola-Rauscher approximation. 

Table 2 will show even more clearly the superiority of the new 
approximation over the Riidenberg solution. Table 2 refers to 
the same spring characteristic, Equation [28], but pertains to 
the value a = 0.5 and gives the amplitudes A of the two-term 
Duffing solution in row I a, b, c, of the new approximation in row 
II a, b, c, and of the Riidenberg approximation in row III a, }, c. 
The latter differs from the two-term approximation by amounts 
in average almost 6 times greater than those of the new approxi- 
mation. 

EXAMPLI 


TABLE 2 SHOWING SUPERIORITY OF 
ION 


APPROXIMATION 
1.0 1.581 p 4 


579 
5b. 356 
510 
5.505 
}. 289 
442 
066 
066 
067 


0.75 


I 
II 


ie) 
hRrewhwww 


000 
793 0.33% 
790 0.338 
000 0 340 


I 
Il 


e 


y 
I 
I 
I 
I 
I 
I 
I 
I 
I 


I 
II 


The last example will be an asymmetrical system whose spring 
characteristic is straight but of different slope at positive and 
negative deflections, as illustrated in Fig. 3. Assuming the 


f(x) 
x>0 
x<O0 


f(x) * kx 
f(x) * 2kx 








| 


| 


System Wirth 
TERISTIC 


ASYMMETRICAL BROKEN SprRinGc CHARA 


Fie. 3 


slope on the negative side to be twice as great as that on the 
I & 
positive side and using the Notation [29], the following differ- 


ential equation of this system is obtained 


y=qecosr, ify>O 


2y = q cos r, ify <0 


The harmonic exciting force is expressed by a cosine function 
used in the preceding examples) be- 
The one- 


instead of a sine function 
cause that is more convenient in the present case 


harmonic-term approximation may be written 
y=Acosr +B 


or, with respect to Fig. 4 
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The integral to be minimized is now 


A cos « — g cos r}* dr 


I= 2 fi" (Al — 79) cos 
+2 f" [A 


By analogy, the first minimizing condition is 


2A cose q cos r]* dr 


y*)cos r 


ol 
dg 


As second minimizing parameter, « can be chosen so that 


= 0 


o/ 
= 0 
O« 


The evaluation of these conditions leads to following two equa- 


tions between A, «, ¢ 
4 « 1 > a : Tr 0 
d a + sin 2e ¥ ~ 
2°4 2 2! 


A[3 + (4x 3e) cot « y’] q=0 


the determinant of which has to vanish if A and g are supposed 
different from zero. Hence 

1 ‘ € © 

> Sin 2e + wilde 3e) cote + er = O.. [34] 
In the interval 0 < « < # Equation [34] has one root, namely, 
« = 102.876 deg, which is independent of y. If the exciting 
force has the value P, then, with respect to Equations [29] and 
[32], g has to be taken equal tol. Thus 


1 


de) cot « 


A= [35] 
3 + (4x 


The Ridenberg approximation is 


1 
1.3333 7? 


The rigorous solution of this problem shows that « actually is 
variable and that a fundamental resonance occurs when +? 

8 (3 — 2¥/2) = 1.3726. Some numerical values of the ampli 
tudes A are computed in Table 3 where row I gives the exact 
solution, row II the new approximation, and row III the Riden- 
cal- 


berg solution. The last row contains the estimated error |@ 


culated from 
0.145 A 
t+? 1.36 


[36] 


13) after evaluating the 
Th 


value of the 


This formula is obtained from Equation 
integral I and putting n = 2 because of asymmetry 
amplitudes listed are defined equal to the mean 
x (see Fig. 4) 


exact 


absolute deflections atr = Oandr = 


AMPLITUDES 

2 ‘ 
0. 3802 0. 06835 
122 0.37 0.06830 
1.091 0.375 0.66818 
0.021 0.0002 


TABLE 3 NUMERICAL VALUES Ol 


The figures in Table 3 show that the accuracy of the new ap- 
proximation now is only 3 times better than that of the Riden- 
berg solution, while it was 6 to 8 times better in the first and 
second examples. The estimated error |a of the amplitudes 
also checks less well with the actual errors than previously, but 


it is still possible to determine the frequency limit for a pre- 
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again, |a/A| = 3 per cent, one finds from Equation [36] that 10 “Steady Forced Vibration as Influenced by Damping 
should be greater than 1.24, while actually the limit is between 5. Jacobsen, Trans. ASME, vol. 52, 1930, Paper APM-5 
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‘ .’ by K. O. Friedrichs and J. J. Stoker, Quart 
sults indicate a loss of accuracy of the suggested one-term ap- — jgathematics. Brown University, Providence. R.1 


1.1 and 1.2. In comparison with symmetrical systems, the re- 


proximation applied to asymmetrical systems 





Longitudinal and Torsional Impact in a Uni- 
form Bar With a Rigid Body at One End 


By A. H. BURR,* ITHACA, N. 


A uniform bar carrying a rigid body at one end is ana- 
lyzed for those cases where its other end is struck by a rigid 
body, and struck by a bar and body, also for the case of 
sudden application of force at either end. Recurrence 
formulas are derived in nondimensional form and applied 
to determine in a finite number of terms the stress equa- 
tions for striking impact and for a constant-force impact. 
Some useful theorems and simplifications, applicable to 
other problems of this nature, are indicated. For striking 
impact by a rigid body, charts show the time-variation of 
stress and the maximum stress for a range of physical 
values of the bar and bodies. Application to the design of 
bars, helical springs, and shafts is discussed. 


NOMENCLATURI 

The following nomenclature is used in the paper 
A = area of 

l/a = bar :utio = W/Wre 

1 /Iver for torsional impact 

longitudinal 


cross section of bar 


for longitudinal impac 


velocity of wave 
V E/p 
= velocity of torsional wave propagation = 
bar 
modulus of elasticity of bar 
= modulus of elasticity in shear of spring or shaft 


propagation = 


VG 
or shaft diameter 


gravitational acceleration 
weight density of bar or shaft 
mass density of bar or shaft = y/g 
forces, expressed as function of time ¢, applied to 
body W and body W’, respectively 
= constant force suddenly applied to body W’ 
mass moments of inertia of bodies at ends z = 0 
and z = l, respectively 
mass moment of inertia of bar or shaft 
= polar moment of inertia of area for bar or shaft 
K’ = (q+ q')/(¢ q)=(A+1)/A—1 
length of bar or shaft 
= body ratio = W’/W for 
(= I'/I for torsional impact 


longitudinal impact 


= operators defined by Equations [15] and [16] 
gAvV Ep/W = 2a/T 
gAvV Ep/W’ = 2a/rT 
total stresses 
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Discussion re- 


dimensionless total stresses 


R, R’ 


8,8 wave stresses 
S,S' = 


dimensionless wave stresses 

oo, Tt» = initial normal and shearing stresses, respectively, 
in striking impact 

= time 

period or interval = 21/< 
= 2//c, for torsional impact 


for longitudinal impact 


particle or body velocities 

dimensionless particle or body velocities 
= linear and angular striking velocities, respectively 
= weight of bodies at ends z = O and x = l, respec- 

tively 

weight of bar = Ayl 

position along bar or shaft 
= dimensionless quantity = 


*nsionless quantity 


INTRODUCTION 


In machinery, longitudinal impact may occur in hoisting rope, 
connecting rods, hammer-type power tools, and helical springs 
torsional impact, in the rotating shafts of punches and shears, 
geared drives, clutches, brakes, and drills. The theoretical 
study reported in this paper was undertaken with the expectation 
that it would find application to such machinery. Although the 
principal derivations herein are in terms of longitudinal impact, 
the differential equations and their solutions, except for physical 
constants, are identical for torsional impact, and attention is 


given to making the results readily applicable to both cases. An 
adaptation for the longitudinal impact of helical springs is also 


given 

One kind of impact consists of a striking or collision of one metal 
part with another, as in the engagement of jaw clutches, in 
hammering actions, and in the taking-up of slack in rope and of 
clearances in bearings. This will be called s'riking impact 
Another kind consists of the rapid application of force or torque, 
as in the sudden support of the weight of a body, and as friction 
torque in clutches and brakes. This will be called force impact 
The two kinds of impact may occur simultaneously as during the 
sudden connection of two members, one of which has been ac- 
celerating under force or motor torque 

The physical system principally treated herein is that of a uni- 
form elastic bar or shaft at each end of which there is a relatively 
rigid body with its center of mass on the axis of the bar. The 
mass of the bar is considered, but the bodies are treated as in- 
elastic. At one end of the bar the body is permanently at- 
tached. At the other end, in the case of striking impact, the bar 
is struck by the body and is in contact with it until separation, 
Figs. 1(a and b); in the case of force impact the body may either 
be considered attached to or in contact with the bar, and force is 
suddenly applied to this body, Figs.2(a andb). A briefer treat- 
ment is made of another system, that of the striking of two bars 


209 





JOURNAL OF APPLIED MECHANICS 


te 


(a) LONG!TUDINAL (b) TORSIONAL LONGITUDINAL (bp) TORSIONAL 
car -_— > 
IMPACT IMPACT IMPACT IMPACT 


TL. 


POSITION 


TI. 


POSITION t 


T ‘ial 





© veLocity 





POSITION POSITION 


© VELOCITY 









































0 





Fic. 2. Force-Impact Wave Action 
the nonstriking ends of which carry attached rigid bodies (Ap- 
pendix 3 and Fig. 9). 

The method essentially used in deriving recurrence equations is 
that which was presented by Donnell (1, 2)’ in his solution of the 
bar fixed at one end and struck at the other The equation of 
motion of an end body is written as an ordinary differential 





equation of first order and degree By a consideration of the 
properties of wave propagation, solution of the equation is 
readily made for the stress value at the end of the bar How- 
ever, a new solution is required for each period or interval of 
time required for the wave front to travel the kk ngth of the bar 
and return. Hence there is derived a recurrence formula, a 





type used earlier in impact problems by Saint Venant (3, 4), 
and Boussinesq (5, 6 It is a formula which gives the solution 
for one interval in terms of that for the previous interval, in- 
cluding an integral and a constant of integration. Solutions 


are obtained in finite numbers of terms 





Impact Wave Action IN Bars Wits Finite Bopres at Eacu Enp 

\ longitudinal disturbance in a bar is propagated along the 

bar in an elastic wave traveling at the velocity of sound, a con- 
£ ’ 


Fic. 1 Srrixinc-Impact Wave Action 


(Plotted for l/a W/ Whar I/Iber = 4,4 = W'/W = I’/I = 10, and 
material steel the paper 


* Numbers in parentheses refer to the Bibliography at the end of 
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stant propagation velocity c = + E/ p, where E is the modulus 
of elasticity, and p the mass density of the material of the bar (7). 
A second and much smaller velocity is that of the particles, 
undergoing displacement and deformation throughout the bar 
This is known as the particle velocity, in general, a variable quan- 
tity. In a wave propagated in the negative direction, particle 
velocity v,’ is related to stress s’ by the formula v,’ = s’/ / Ep, 
(8). The particles move in the positive direction to cause a 
tensile or positive stress. On the other hand, in a wave propa- 
8/V Ep, 
i.e., the particles must move in the negative direction to cause a 


gated in the positive direction the relation is », = 


positive or tensile stress. These two waves may superimpose, 


such that at any position z along the bar the (otal stress o 
and the net velox ity v are, respectively 


1) 
{1 


; 


(3 


V Ep 


When action is initiated by a rigid body striking the bar, there 
is a sudden change in the particle velocity at the position struck, 
a change which equals the relative striking velocity vo, Fig. 1(« 
By the previously stated relation between velocity and stress, 
which is suddenly induced at this position is* 


the initial stress ao, 


ov Ep [3] 


% = 


The stress which immediately follows the initial stress is a fune- 
tion of the mass of the body and of the cross-sectional area of the 
bar In striking impact it 1s a decreasing stress, as the elastic 
force of the bar acts against the body, decre ising 118 velocity and 
hence the velocity of the adjacent particles of the bar 


The elastic force induced at an impact end, acting against the 


adjacent region, causes an acceleration of its particles and a 


propagation as a wave along the bar of the conditions at the 


impact end, Figs. 1 (d, ¢ Damping neglected, the stress and veloc- 
ity conditions travel unchanged to the other end of the bar 
In Fig. 1 stress distribution is illustrated in the left-hand column, 
The time of occurrence for 
the 


and velocity in the center column 


is indicated in the right-hand column by ratio 


t/T, where t is the time and 7 = 2i/c is the period or time for 
bar and return 


each row 


propagation of a wave over the length of the 
In the stress column, negatively propagated stress 3, positively 
propagated stress s, and total stress o are shown separately 

At the left-hand end of the bar, because the attached body is 
rigid and, having mass, cannot change its velocity suddenly, 
there occurs upon in idence of the wave, a reflection of the stress 
n the form of a wave s of the same kind, i.e., tensile or compres- 
sive, Fig. 1(¢ The initial magnitude s of the reflected wave' is 
a The subsequent shape of the reflected wave, however, 1s 


affected by 


force of the bar 


the motion of the attached body under the elastic 
The velocity v of the body increases, and re- 
> 


flected stress s is smaller than incident stress s’, by Equation [2}, 


Fig. 1(f 
In similar manner the wave s is reflected by the body now in 


‘ The signs of the formulas are chosen to fit the system of Fig. l(a 
in which the body, traveling in the positive z-direction, i.e., with 
upon striking, an initial stress which is 
a tensile stress will be indicated 


velocity gives 
tensile. Thus by the formulas 
by a positive value, a compressive stress, by a negative value, in the 


positive 


conventional manner 

5’ Against a rigid body a discontinuity in the stress wave is re- 
flected in full value regardless of the velocity of the body. By Equa- 
must be accompanied by the same 
is thereby 


tion [2], a sudden change in s or 3’ 


change in s’ or s, respectively. The total stress,¢ = s’ + 


suddenly changed by twice the value of the stress-wave discontinuity 
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contact at the right-hand end of the bar,* and the effect of the 
reflection is added to the wave s’, Fig. 1(g). In striking impact, 
one or more reflections, Figs. 1 (A, 7,7), often many reflections, 
from each end of the bar occur before the stress again becomes 
zero in value, Fig. 1(4 When it becomes zero at the striking 
end, separation occurs 

If, instead of by striking, the action is initiated by a force 
suddenly applied to a rigid body in contact with the bar, the 
initial velocity of the body and adjacent particles is zero; hence 
the initial stress is zero, Fig. 2(c The stress during the first 
interval is an increasing one as the continued action of the ex- 


ternal foree upon the body increases its velocity. The initial re- 


flection is zero, Fig. 2(e). Likewise, for subsequent reflections, 
Fig. 2(g) the only discontinuity is in the slope of the stress curve, 
Appendix 1 


\/G/p, where G is 


Equations for torsional waves are derived in 
Velocity of propagation along the axis isc, = 
The initial extreme-fiber 


the modulus of elasticity in shear 


stress in the striking impact of a circular shaft is 
wo d 
V Go {4} 


where wo is the relative angular striking velocity, and d is the 


shaft diameter. These equations are similar to those for longi 
tudinal impact, and for the torsional impacts illustrated in Figs 
and 2 


1(6) and 2(6), the stress and velocity diagrams of Figs. 1 


hold, except that c, should be substituted for ¢ and r for ¢ 


RecURRENCE FoRMULAS 


The derivation which follows is for a system in which striking 
and force impact occur simultaneously, striking at one end and 
force at both ends, the most general case for a bar with bodies at 
both ends 

At both ends, stress is discontinuous at intervals of time « jual 
to that required for a wave to travel the length of the bar and 
2 /« 
interval for 

1,2,3 
n 0.5)7 t<(n + 0.5)7 


tal stress o and net velocity v may be rewritten respective ly, 


Hence subscript notation is re 
holds 
time 


Equations [1] and [2] 


return, the period 7 


quired to indicate the which an equation 


For end z 0, subs« ript n(n . indicates the 
interval 
for t 


0.57 


0.57 6) 


sin is the stress Value 
O5T 


stress value of the reflected 


The first term to the right of the equality 


of the incident determined at the other end a time 


and the 


wave initiated at the beginning of the interval 


wave 


earlier,® second term is the 


Similar equations 


may be written for ¢,’ and v,’ at the other end, valid for the 


time interval (n 


End z 


The equation of motion 


endz = 0, is 
(9) 


ic, is the elast’ec force the 


With 


and F(t)i 


tion of time t 


where exerted by the bar 


externally applied force, expressed as a fun 
0.57 ndic 


tin the equation for s 


ates that ¢ 0.5T 


* The 


18 to be 


parenthetical expression (¢ 


substituted for 
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the substitution for v, and ¢«, by Equations [5] and [6], and for 
gA~/ Ep/W by the symbol g, there is obtained the equation 


F(t) 


d 
it [s,(t) — s,"(t — 0.5T)] + gs,(t) + gs,'(t— 0.5T) = —q 


With the addition to both sides of this equation of the term 
2qs,,'(t — 0.57), there is obtained an equation of the form 


dy 
+qy=Q 
at 
0.57), ¢ is a constant, and Q = 
This is an 


where y = 38,(t) s,‘(t 
—2qs,'(t — 0.57) — qF(t)/A is a function of ¢ only. 
ordinary linear differential equation of first order, and it may 
be integrated after multiplication throughout by the integrating 


factor e'. Its solution is 


y= e at f eX’ Qat + C.¢ at 


where C,, is the constant of integration. After substitution for 
y and Q, the equation may be solved for the unknown reflected 
stress s,(t) in terms of the known incident stress s,’(t — 0.57) 
and the force function F(t). Thus 

a(t) = s,'(t — 0.5T Qge-*! fet s,."(t — O.5T Jat 


¢ 
< at fe F(t)dt + C, e-* [10] 


This is the recurrence formula forendz = 0. The constant of in- 


tegration C, is found from the equation 


s,[(n 0.5)T] = 5, il(n 0.5)T)] + oo {11] 


0.5)7, at the 
1)th 
interval is suddenly increased by an amount o¢ upon arrival of 
also, that for force impact only 


which expresses the phenomenon that at time (n 
beginning of the nth interval, the reflected stress of the (n 


the discontinuity of value oo; 
oo = 0) there is no discontinuity in the value of s. 
The equation of motion for the body of weight W’ in contact 


with the bar at end z lis 


Ag, F 12] 
the ba 


By steps similar to those given, 
lis found to be 


where s the elastic force exerted by rand F(t 


is the externally applied force 
ormula for end z = 


Ao, 


the recurrence 


0.57 2 0.5T jdt 


gAwy Ep/W’', and the 


found from the equation 


constant of integration C, 


where q’ = 


A-OPERATIONS 


Because application of the recurrence formulas becomes 


increasingly tedious with each succeeding integration, it is ad- 
vantageous to seek every possible simplification. In the succes- 
; there will be a repeti- 
m where k = 0, 1, 2, 
= 0.0, 0.5, 1.0, 1.5, 2.0, 
of an expression for 3,’ 


sive stress equations 3,’, 8, 82°, 82, 83 
tion of terms of the typ. Z(t) = z,* e™, 
and z,, qt m7 
Substitution into Equation [10 
taining one or more Z(t 
A will be performed upon each Z(t 


, where m 
con- 
-terms means the following operation 
term 

A[Z(t)] 0.5T jdt 15 


Zit 0.5T Zgene! fre 
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where the expression in parentheses indicates that t — 0.57 
is substituted for tin the term Z. Likewise, for use in Equation 
[13], there may be defined 


A’[Z(t)] = Z(t —0.5T) — 2g’ e-*"t ft" Z(t —0.5T dt. . [16] 


Before application of the recurrence formulas it is advantageous 
to evaluate A[Z(t)] and A’[Z(t)] for several values of the ex- 
ponent k. The results are listed in Table 2 of Appendix 2. Useful 
constants are K and K’, defined as follows 


NONDIMENSIONAL Forms 


Additional simplifications follow from separate treatments of 
striking impact and force impact and from nondimensional 
equation forms. In nondimensional form Equations [5], [6], 


7), and [8] become, respectively 
t 0.57) + S(t 


0.5T 


0.5T 
total stresses are R, go, oO 
and s, s 
The 


, respectively, be- 


For striking impact only, 
R, = eo,” go, Wave stresses S, = $,/¢ and 
body velocities V, = v,/ro and V,’ = v,'/% 
formulas, Equations [10], [11], [13], and [14 
come for striking impact only and in terms of the operators 
and [16 


recurrence 


defined by Equations [15] 


where B, and B,,’ are constants of integration. 

For a force impact only caused by a constant force Fo’ sud- 
denly applied at end z = l, there may be defined the static stress 
o, = F,'/A, 


8,/¢4 and S,’ = 


whence R, = o,/o, and R,’ = o,'/ey, S, 
8,'/e4, and V, = v,+/ Ep/ey, and V,’ = v, 
{10}, {11 13], and [14] bee 


Equations ome, 


V Ep/eu- 
respectively 


where D, and D, ration 


STRESS Eat ATIONS 


At the impact 
1 follow- 


The stress equations may now be determined. 
end, z = l, of the bar during the first time interval n = 
So and So’ are zero 


ing impact, no earlier stresses exist, and 


Hence the recurrence formulas, Equations [24] and [25], or [28 
and [29], 
S,', the stress during the first interval 
and [23], or [26 the 
reflected stress during the first interval at the other end, z = 0 


may be applied to determine the expression for stress 
Then Equations [22 
and [27] may be applied to determine S,, 


In the same manner the recurrence formulas for the two ends may 





be applied alternately to determine expressions for the reflected 
stresses S,’, S:, S;’, S;, of successive intervals. Resulting equa- 
tions for several intervals are listed in Tables 3 and 5 of Appen- 
dix 2. 

In the special case of end bodies of equal weight, W’ = W, 
q’ = q, the value of K (Equation [17] ) becomes infinite, and the 
general stress equations cannot be used. However, if the re- 
currence formulas are applied to this case, K will not appear in 
the results. These results are added to Tables 3 and 5. 

Equations for total stresses R, and R,’, determined from 
Tables 3 and 5, and Equations [18] and [20], are listed in Tables 
4 and 6. 

It may be proved that the stress resulting from two or more 
simultaneous impacts, even though not initiated at the same 
instant, is obtained by adding the stresses for the impacts acting 
This holds for striking or force impacts or a 


separately (9). 
Additions must be made with 


combination of the two kinds. 
stresses Roy and Re,,, not with the dimensionless stresses R. 


CHARACTERISTICS OF STRIKING Impact 


Charts have been prepared to show the variation of stress and 
velocity with time, Figs. 3, 4, 5, and the variation of maximum 
stress with physical proportions, Figs. 6, 7. The computations 
can be shortened if it is observed that certain terms in the stress 
Appendix 2) have in one interval the same numerical 


equations 
Thus 


value as in the preceding interval at a time TJ earlier 








* 


A Time VarraTtion oF Dimensi0n- 


AND Ve.Lociry V’ 


10, and striking impact 


Fic. 3 At Srraikinc Env z = 1 
Less Tora. Stress R’, Wave Srress S’, 
Aa 


For a bar ratio 1/a = 4, a body rati 


Time VARIATION OF DIMENSIONLESS TOTAL 


Fic.4 ArEnpz=0 A 
anp VevLocity } 


Srress R’, Wave Srress \’, 


For at bar rat lia 4 iv rat 10, and striking impact 
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e'? = ¢~%'-27) at time ¢ = 2.57 has the same numerical value 
ase"! = e~9%¢-T) at time ¢ = 1.57. Details of a method of cal- 
culation, including a rearrangement of the stress equations of 


Appendix 2 to utilize duplications of numerical values, are given 








Fie.5 At Sraixine Enns =/ Tue Time Variation or Diwension- 
Less Tora. Stress KR’ ror Sevexar Vatues or Bopy Ratio A 
(For a bar ratio 1/a = 4 and striking impact.) 


Dimensiontess Totrar Srresas FR on 


aT BeGinnino oF Eacu Iwrervat 


UES OF 
Time 


Fic. 6 Peak Va 
PLoTTEeD AGAINST 


For a bar rat pact.) 


lja = 4 and striking i 


Maxiucm Vatves or Dimensioniess Tota. Srress Bere 


DEPARATION 


Fic. 7 


For striking impact and plotted as a function of bar 


ratio A 
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elsewhere (10). A complete table of exponential values, such as 
given in reference (11), is also helpful. 

Convenient nondimensional quantities are the body ratio 
and the bar ratio 1/a,’ defined for longitudinal impact as \ = 
W’/W and 1/a = W/Wwaer, and for torsional impact as 4 = /'/J 

I /T eer. nondimensionally 
as the time ratio, t/7. Now the equations of Appendix 2 are 
functions of K, K’, z,,, and z,,’ In terms of the foregoing 
ratios K = K’ = (A + 1)/(A 1), z. = git 
—2a(t/T Hence the stress and velocity 
ratios are functions of the three ratios A, 1/a, and t/T’, only. 


and l/a = Time may be expressed 
only. 
mT) = 


m), and z,,’ = z,,/X. 


Figs. 3 and 4 are constructed for the same body and bar ratios 
as Fig. 1, but show the time variation for the velocities of the 
two bodies and the reflected stresses and total stresses at the ends 
of the bar. 
of the velocity curve, i.e., the acceleration of the body, becomes 
The dotted line ex- 
tension of the stress beyond this time holds only if separation is 


Separation at the impact end occurs when the slope 
zero and the total stress 2’ becomes zero. 
not possible. The effect of separation reaches the attached- 
body end at a time 0.57 later, and the stress curve R beyond that 
time is likewise dotted. 

For striking impact it may be proved analytically that at each 
end of the bar, until at least the time of zero total stress, the total 
stress and the wave stress are continuously decreasing quanti- 
ties throughout their intervals, with peak values at the begin- 
This is illustrated in Fig. 5, plotted 
Also, it may be proved analytically that 


nings of their intervals (12). 
for several values of 4. 
the maximum stress before separation is located at an end* of 
the bar (13) 
ing a striking impact, it is sufficient to calculate the stresses R 


Hence, to determine the maximum stress follow- 


and F at the beginnings of their respective time intervals, namely, 
t n 1)T and t (n 0.5)T. 

Peak points for the two ends are plotted together in Fig. 6 
Each line joining the points rises continuously until a maximum 
is reached, thereafter drops continuously, although the points are 
plotted alternately for each end. This same characteristic occurs 
for 1/a = 0.5, 1, 2, 4, and 10 with A 0.5, 1, 2, 4, 10, and in- 
finit y The maximum point of each peak-value curve is 
plotted in Fig. 7 to give maximum stress before separation as a 
function of 1/a and A 
As 1 


rence, and the duration of impact increase 


a increases, the maximum stress, the time of its occur- 

For an extension of 
Fig. 7 to higher values of 1/a, stress equations would be needed 
for more intervals than the three per end listed in Tables 3 and 4 
The characteristic noted for Fig. 6 should prove useful in pre 
dicting the interval in which each maximum stress will occur 
thereby minimizing the number of equations and calculations 
required 

By assuming that all parts of the bar reach maximum stress 
and the same velocity at the same instant, and neglecting the mass 
of the bar, Tuplin (15) uses the equation of conservation of 
momentum to obtain a velocity of the bodies after impact, the 
equates the loss of kinetic energy to the energy of strain 


equation, in terms of the ratios a and A, becomes 


A slight improvement in this ipproximate energy method is 
tained by including the kinetic energy of the bar, whence 
rhe notation is chosen to be consistent with that of reference (1 

® If one of the bodies is infinite, the maximum stress at the infinite. 
bedy end of the bar is larger than the maximum stress at the 
finite body end Also, an infinite striking body gives higher stresses 
condition (14 


than an infinite attached body, i.e., a ‘‘fixed-end 
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ae A(1 + a@) [31] 
a{l + @ + A) 

Because of its assumption of uniform stress the energy method 
will indicate a lower stress than will the wave method. For the 
range covered by Fig. 7, the energy method gives large errors, 
differing by more than 1.0 in absolute value, but decreasing with 
increasing values of 1/a. For the special case of a fixed end 
(W = o) the absolute error varies from 1.20 at W’/Wwer = 4.0 
to 1.00 at W’/Woar = 64.0, with corresponding relative errors of 
37 per cent and 11 per cent. 

Equations for the stress after separation have not been de- 
veloped. However, it has been demonstrated (16) that the stress 
ratio after separation will not be greater than 3.0 for the 1/a 
and )-ranges of Fig. 7. 


DesicN OF Bars, Heuicat Springs, AND SHAFTS 


Maximum stress is rapidly determined by use of a chart such 
as Fig. 7. One need only compute the body ratio \ and bar ratio 
1/a, then enter the chart to determine the stress ratio R. The 
maximum stress in pounds per square inch is this value of R 
For a bar, initial stress is given 
3], which for steel becomes op = 148 m, with 
For a helical spring, initial shearing stress is 
, 18 the Wahl factor, and 8 is 
For steel, and taking cos 8 = 1.0 


multiplied by the initial stress. 
by Equation 
vo in in. per sec. 
to = K.ov/ 2Gp/cos B, where K 
the lead angle of the coil.® 
tro = 130 Kym; 
0.70 D,?D,,N, where D, and D,, are wire and mean coil diame- 
ters, respectively, in inches, and N is the number of active coils 


and the weight of the spring, in pounds, is W 


For a shaft in torsion, initial shearing stress is given by Equation 
1], which for steel becomes ro = 4.80 nod, where no is striking 
velocity in revolutions per minute and d is shaft diameter in 
inches 

spring, or shaft 
ind allowable 
maximum stress, then the solution may be made by fitting equa 
Within the 1 


Fig 7 each curve may be approxim it y represent d by a 


If the design problem is to determine bar, 
] sf 


dimensions, given the end bodies, striking velocity, 


tions to the maximum stress curves a range oO 
linear 
equation 

R h 32 
where a and > are given by Table 1. Substitution may be mad 
for a in terms of the dimensions of the elastic member, and ir 
the eases of the bar or of the spring, the equation may be solved 
For the shaft a trial- 


Some judgment must be used 


for one of the dimensions such as diameter 
ind-error solution is necessary 
in proportioning the member to give it are asonable or economical 
size, and in the case of the bar and the shaft there is a lower 
limit to the allowable stress which may be\used, hence a restric- 
tion in the choice of material. Some guides are given elsewher« 
17 

TABLE 1 


CONSTANTS FOR EQUATION 


An analysis indicates that an elastic solid steel disk of usual 


proportions, firmly attached to a shaft, will give results but little 
different from those for a rigid disk. The effect of a more flexible 


machinery member may be seen by supposing the member re- 


* This equation may be derived by the method of Appendix 1, or 


may be derived from Donnell's statement regarding k, page 166 of 


eference (1), and its Equation [11], and definition of symbols. 
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placed by a rigid body and a massless spring between the body 
and shaft. A discontinuity in an incident stress wave is not re- 
flected in full because the velocity of the end can suddenly change 
by deflection of the spring. The change in the reflected stress 
will be less than the value of the incident discontinuity,” and the 
total-stress peak will be smaller than with full reflection. Simi- 
larly, the several other peaks, including the maximum, will be 
smaller than with a rigid body, and use of the preceding maxi- 
mum-stress charts will be ‘‘on the safe side.”’ This is likewise true 
for conditions which create sloping wave fronts, such as local 
deformation at a rounded impacting end.'' Full reflection will 
not occur because of the time for some change of velocity in the 


reflecting body before the top of the wave arrives 
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Indicated by Equation [2]; see also footnote 5 


' Fanning and Bassett (18), likewise Dohrenwend and Mehaffey 
19), in experiments with two free bars, used rounded ends to obtain 
uniform application of load. The modification of theory to account 
for the rounded ends indicated a sloping wave front and a longer 
duration of impact, but no appreciable difference in the height of the 
initial wave front The theory well checked 
No experimental work is known to be available on 
tached bodies or fixed ends 


experimentally 
bars with at- 


was 
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Appendix | 


TorsionaL Waves 1n Bars or Circutar Section 


For the element of the bar of length dz, Fig. 8(a), the equation 


of motion is written 

°? * 

= Jdz p Ma 

ot 
whence 
We G W%¢ ve 
.= ~ = ¢) [33] 
ot? p Ox? oz? 


where c, = \/G/p. The general solution of this equation is 


¢ = f(x — cd) + f(z + ef) {34] 


It is seen that c, is the speed with which conditions of displace- 
ment f, of stress (Gd/2)(Of/dr), and of particle angular velocity 
Of/dt are propagated in a positive direction without change in 
Likewise, ¢, is the speed with which 
(Gd/2)(Of'/dzr), and Of'/dt are propagated in a 
negative direction without change. 

Assume a constant torsional stress r suddenly applied to an end 
of the bar. After a time interval ¢, a portion of length | = ¢¢ = 
ty/G/p will be under stress r, Fig. 8(b Now torsional moment 
M, = 2rJ/d, where d is the diameter of the bar. The 


value, i.e., in a wave." 


conditions f’, 


rotation 


' 
\ 


SK ee 


—. if 
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Fic. 8 


Torsionat Wave PrRopaGaTion 


MI/JG = 


constant 


of the end relative to the unstressed region is ¢ 


2rt/dy\/Gp. Since the stress wave is propagated at 
velocity, the 
tog/t. Thusthere is obt: 


ity to stress 


angular velocity w of the end is constant and equal 
ined the equation re lating partic le veloc- 
2r -. 
35] 
dw Gp 
If a rigid body strikes the end of the bar with angular velocity 
wo, the end of the bar tak of the 


Equation [35], the initial stress is 


s the velocity body, and from 


yl 


9 
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Appendix 2 
TABULATIONS OF EQUATIONS 


rABLE 2 A-OPERATION FORMULAS 
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‘Lr 2m’, 2’ . » 
A[2(K’tm')e™ | = oe ™+%5 (K 
A[2(K'em’)*e'™ | = e* ™+%5 (K’)| 

+ (1 K')2(k 


= ef +05 [1 + 22 


em) = emt 


A[const] = —[const] Specrat Case W’ = 


End z = 1 


*t,*™) can +0 
A'le’™] = em 


A’[2(Kzm)e"m] = 
A’[2(Kzm)%e°™] 


End z = 0 


1 = Qetos [1 + 25] 


7 408 | rc 
i+? pm Ra + 2c) 1 + Ome + 16(2 


A‘[const] = [const 


* Formula 6 (or 6’) will give a result differing from mula 4 and 5 
r 4’ and 5") by a constant which is a nted for in the evaluation of th 
stant of integration of the re rrence formulas 
TABLE 5 WAVE-STRESS EQUATIONS FOR CONSTANT- 
TABLE 3 WAVE-STRESS EQUATIONS FOR STRIKING FORCE IMPA 
IMPACT 


1 
Si'+1i+e 


End z = 0 


Speciat Case W’ = 


End z = 


rOTAL-STRESS EQUATIONS FOR CONSTANT- 
Speciat Case f FORCE IMPA‘ 
Endz = 1 
t) = et 


= S,’(¢ 


1 + 


1° 
T <205 
Si(t) + ems 


Speciar ( 


- 
[1 + 6a. 4 
+ ea} 1 + 10225 + 20(225)? + - ss End z 


TABLE 4 TOTAL-STRESS EQUATIONS FOR STRIKING 

IMPACT . = 
GEeNERAI Appendix J 
nigel Two Bars or THe Same Martertau AND Section Wits Rierp 
R,’ 
R.' + e + 2K"? a4; Certain symbols are defined by Fig. 9 and Table 7. The time 


travel twice the length of bar l’ is 7 2l'/c. Other symbols 


Bopres at THerr NonstrikinG Enps 


lefined in the Nomenclature 





BURR—LONGITUDINAL 


rABLE 7 
End z 


TIME INTERVALS 
End 
0.5T €t< 
0.5T + T’ et < 
5T+T’ €t« 


3.9 Sremkinc Impact or Two Bars Carryine Ricip Bopies 


The free end of the bar /’ strikes the free end of the bar J with 
& positive velocity tm. There ensue equal and opposite elastic 
forces in the two bars at their striking ends, and, because of equal 
sections and material, equal stresses and a common velocity 
of the two ends equal to the average of the two velocities before 
striking. The change of velocity of each bar end is one half the 
and the initial stress is one half that 


Thus 


relative striking velocity, 
indicated by Equation [3] or [4] 


1 
5 YON Ep 


. 


= 


In both bars initial stress waves of constant value oo are propa- 
gated away from the striking end. At time 0.57 the bar / is 
uniformly stressed, and the wave is incident at end z = 0. The 
reflected wave 3, with front value o) travels through the con- 
tacting surfaces at z = | and is incident at endz = 1 +l’ at time 
0.5T’ + T. Similarly, the initial wave in the bar I’ is incident at 
z =1+1' at time 0.57", and the reflected wave 8,’ is incident 
at end z = Oat time 0.57 + 7’. Time intervals are defined in 
Table 7 

At each body there are two incident stress waves, the initial 
wave of constant value oo, and the wave with a value determined 
at the other body a time 0.5(7' + T’)earlier. These, added to 


the reflected wave, give the total stresses. At endz = 0 


TORSIONAL IMPACT IN A UNIFORM BAR WITH RIGID BODY AT ONE END 


and at end z 
0.57 


From the equations cf motion fer each body, Equations [9] and 
[12] with F(t) = F(t) = 0, there are 


obtained the recurrence 


formulas 


it — KT +7 
Qq'e7e"t fers {t—O.5(7T + T’)jadt 


The formulas for determining the constants of integration are 


and 


where ¢, and t,’ are defined by Table 7 

Equations for total stress at end z = 0 are listed in Table 8 
in nondimensional form, where R = @/2e9. Since og is one hal! 
that in the case of a single bar, for which R = ¢/oo, a comparison 
for the two cases of the magnitudes of R is a comparison of the 
magnitudes of stress. It may be noticed that the equations 
written in pairs in the foregoing may be obtained one from the 


Hence 


be obtained from 


other by an interchange of primed and unprimed symbols 

stress equations for the end z = 1 + Il’ may 

Table 8 by substitution of primed for unprimed symbols R, A 

q, and t, and unprimed for primed 

TABLES TOTAL-STRESS EQUATIONS FOR THE TWO-BAR 

SYSTEM 

Genera Case (W not equal to W’) ror Enp z = 0 

Ri = 01/20 = 

R: = a:/2a i—é oC (1+ K 

R; = o3/200 ee [ Kt 2Kqit ty 
"C-O(K) (1 + K 











Discussion 


Analysis of a Single Stiffener on 
— ~ 1 
an Infinite Sheet 
R. E. Giover.? 
author is based upon the assumption that the stiffener and plate 


maintain contact along a line. Dy integrating his Equation 4 
with respect to y between the limits 0 and 6, an influence function 


The integral equation developed by the 


can be obtained which permits the loads transmitted to the plate 
of thickness ¢ and modulus £ by a stiffener of width 6 and length 
2a to be uniformly distributed across the width » of the plate 
covered by the stiffener. The expression obtained in this way for 
the strain in the plate due to a load P, is 


P; (1 + w)*w2? a ,u 
2) tan 
QnbtE | 2(z* + w) ‘ Z 


When this expression is used in the author’s Equation [11], it 


¢, (2,0) = - 
where w = b/a 


expresses the requirement that the plate and stiffener maintain 
contact along both edges of the stiffener. When the stiffener has 
a width b, a section A, a length 2a, and a modulus &, his Equa- 
tion [11] becomes 


m+ 


AE, 


» = K,(z, £)d 
as ’ 


where 


6] 


An interesting feature of the solution of this integral equation 


is the appearance of concentrated loads which are transmitted to 
the plate at the two ends of the stiffener 
kernel K,(2, z 
kernel jumps from + to x 
trated loads are required. The physical reason for the concentrated 


This occurs because the 
has only a finite jump at # = The author's 


at this point and no concen- 


loads, in the present case, when the stiffener is subjected to equal 
pulls at the two ends, is that the forces, transmitted to the plate 
by the stiffener between the ends, produce a compressive strain in 
the plate at the ends. The strain in the stiffener is, however, 
tensile at this point and therefore continuity can only be main- 
tained if a part of the pull is transmitted immediately to the plate 
Similar considerations will apply in the antisymmetrical case. An 
approximate solution can be obtained for the symmetrical case 


by assuming an expression of the form 
p 


This expression may be substituted into the integral equation, 
ind the constants a, 8,and y determined 
and 


the integrals evaluated 
to satisfy the integral, equation at the points # = 0, % = 0.5, 
In so doing, allowance must be made for the concentrated 


at the two ends I 


f= 1 
loads (1 a 8 _ or the case illustrated 
Appltiep Mer 
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enter 


in the author’s Fig. 2, using the data of his numerical example, ap- 
plying to a 1-in-square stiffener 20 in. long attached to a ' 
thick sheet, the conditions at the three points are, respectively 


ror IN- 


a = 0.9968 + 0.7587 + 0.556(1 8 
a + 0.2508 + 0.06257 = 0.6958 + 0.963 
+ 0.73001 
0.9138 2.420(1 


a+Bs+ y= 1.2537 T 


A solution to these equations gives 


a = 0.408 8 = 0.139 y = 0.090 
Table 1 of this discussion gives values by which this solution can 
be compared to that given by the author. The concentrated loads 


at the ends are 0.363P. 


rABLE 1 
0.408 
0.424 
0.432 
0.470 
0.534 
0.637 


These solutions are of interest in connection with the design 
of the welds which attach the stiffener to the sheet. If the stiff- 
ener is to be cut off square, then heavy shear-stress concentra- 
tions can be expected in the welds near the ends. Such concen- 
trations may be mitigated by tapering the ends of-the stiffener 
In one case,* where square bars were to be welded to a scroll case 
to strengthen it, it was found that nearly all the pull would be 
transmitted to the bars in the tapered portion. An equitable 
distribution of shear stresses along the taper permitted the de- 
sign of welds which would deve lop the full strength of the bar 


Fatigue Under Combined Pulsating 
Stresses' 


» The 


developed a machine suitable for combined-stress fatigue testing 


Do.an.? suthors are to be commended for having 


in which the relative magnitudes of the two principal stresses can 
tely 


difficult task in 


be controlled and synchronized accura However, they have 


indertaken a rather ittempting to 


and co-ordinate fatigue data from two entirely different 


The 


strued as a criticism of the 


types 


ol testing machine writer's remarks are not to be con- 


vuthors, but rather are intended to 


emphasize the complexity of fatigue phenomena and the lack of 


idequate, fundamental information from which to formulate a 


theory of failure’ under various states of combined alternating 


stresses 


For example, in addition to the initial mechanical properties 


is controlled by composition, processing treatments 


presence inherent stresses, ets the fatigue behavior of a 


member has been shown by various inve ate to be influenced 
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DISCUSSION 


by (a) the state of stress; (6) the range of stress and type of stress 
eyele; (c) the frequency of stressing and the presence of rest 
(d) the over-all size of member; (e) surface finish; 


periods; 
h) the stabil- 


(f) geometrical shape; (g) previous strain history 
ity (of mechanical properties, residual stresses, and anisotropy ) 
during the process of repeated stressing. Undoubtedly, several 
of these variables influenced the fatigue properties reported in the 
paper, and it becomes difficult to obtain a significant interpreta- 
tion of the test data 

The rather ingenious mechanism and fixtures devised for pro- 
ducing pulses of loading in thin-walled tubes developed a strain 


different that in the rotating-beam test. 


history quite from 


The pulses were of short duration with very high (and fairly 


constant) strain rate, whereas in the rotating beam the strains 
were applied in a sinusoidally varying cycle with a strain rate 
decreasing to zero at peak stress. Most of the popular concepts 
of “‘a mechanical equation of state’’ for the structural behavior 
of materials indicate that the strain rate is an important consider- 
ation These history 


make it difficult to visualize any simple or direct quantitative 


differences in strain rate and strain 


correlation of the two types of test. One would suspect that the 
differences in surface finish (honing versus polishing with fine 
abrasives) and differences in size of test specimen between the 
rotating beam and the tubular fatigue specimens would also affect 
the relative f atiguue strengths observed 

It should be pointed out that if the distortion-energy theory is a 
good criterion for yielding in the tubular specimens, then all the 
tests under pulsating loads developed peak stresses above the yield 
point of the material. Any general plastic yielding accompanied 
by strain-hardening and redistribution of residual stresses would 
have acted to alter and to control the strength of the cylinders in 
a manner somewhat different from what is usually conceived to 
fatigue That is, 
fatigue tests the subsequent stressing would not be 


be the behavior after the first few cycles in 


the pulsating 
governed by the same fatigue phenomena as those in the rotating- 
beam tests (for which the endurance limits were at stress levels 
below the vield point 

The wire strain gages in the circuits employed by the authors 
are capable of detecting “increments” of strain during each 
pulse of load application, but they do not integrate or summarize 
the total strain developed during a test. Hence plastic yielding 
in the tangential direction during the first few load applications 
would not be detectable by subsequent dynamic-strain observa- 
actions occurring during the pulsating 


tions Ar inelastic 


fatigue tests would invalidate corrections of stress for different 
calculation of fiber stresses on the inside surface 


the 


wall ratios or 
by the L 
elastic actior 
The empirical 
approximations to some of the widely varied fatigue 
different 


imé solution, since Lamé formula assumes only 


Equations [5], [6], and of the paper represent 


very rough 


behavior observed for metals under ranges of stress 


i.e., for other than completely reversed cycles 
factors involved in the two 


the 


In view of the 
numerous differences in influencing 


that it is only by chance that 


types of test 


computed values of pulsating fatigue strength from Equations 


it seems likely 


6] and [7], based on the rotating-beam tests, gave values closely 
approximating that obtained from the tube samples 


The writer would like to suggest that some of the foregoing 
difficulties might be 
high vield strength (a heat-treated alloy steel) 


minimized by repeating a similar series of 


tests on tubes of 
free from marked anisotropy and for which the fatigue strength 


is appreciably below the yield poin If the pulsator could be 


arranged to apply a sinusoidally varying stress cycle, and speci- 
same size and surface finish could be tested in rotat- 


the data would yield information of a 


mens of the 
ing-beam machines more 


comparable nature 
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The marked anisotropy of the material tested violates the 
fundamental assumption on which theories of failure of elastic 
action are based; hence one would not expect close correlation 
with any of the popular theories (such as the distortion-energy 
theory). However, dealing with fatigue-test data, it 
should be recognized that the phenomena associated with fatigue 
failure do not involve “general yielding”’ of a large portion of the 


when 


member; therefore there is reason to suspect that the conditions 
leading to fatigue failure under states of combined stress might 
not be expressed adequately by any of the relationships which 
have been proposed as criteria for initiation of general yielding 
A complete correlation may be possible only with the aid of new 
concepts tha expl ain the process leading to (and the criteria for 


“fracture” of a member subjected to repeated stressing 


S. J. FRAENKEI 
plotted their results in the manner made familiar in static multi- 


> A-study of the paper reveals that the authors 
axial stress experiments. In doing this, dimensionless ratios of 
the two significant principal stresses to the corresponding uni- 
This latter 
taken from a biaxial fatigue test in which the longitudinal stress 
so that the 
This 


was used in 


axial fatigue limit were employed quantity was 


was only 2.5 per cent of the tangential component 
stress was essentially uniaxial in the tangential direction 
quantity, having a numerical value of 36,800 psi 
the authors’ treatment as the uniaxial fatigue limit at 10,000,000 
as can be seen by ealk ulting the co 
ordinates of the experimental points on the 


16 of the Reference 


cycles for both directions, 
combined stress 
diagram in Fig to Table 1 of 


paper shows, however, that the material was decidedly aniso 


paper the 


tropic. The endurance limit in the longitudinal direction ex 


ceeded that in the transverse direction by 15 per cent, an 


amount 
which agrees well with earlier findings on steel of nearly identical 
composition and heat-treatment Unfortunately, no uniaxial 
pulsation tests were performed with the significant stress in the 
longitudinal direction, so that a measure of anisotropy in terms 
of uniaxial longitudinal fatigue strength at 10,000,000 evcles is 
not available In the absence of such a figure, it ippears reasona 


ble to assume that the effect of anisotropy on fatigue limits at a 


number of cycles is the same as on the en 
therefore, that a 
12,300 psi, be used for th 
cles If 
co-ordinates of the « xperiment al pomnts are ree ileulated 
the 
Fig. 16 


large, though finite 
durance limits. It is suggested value of 1.15 


times the tangential fatigue limit, or 


10,000,000 ey this is don 


longitudinal fatigue limit at 
and the 


on this basis theory is 


better agreement with shear-energy 


obtained than is shown in the authors 
that the strain 
This raise 


the question of the significance of the wave shape in fatigue tes 


It was further noted in the study of the paper 
time curve of the specimens had a triangular shape 
ing rect ingular 
wave, it is seen that in the former the pe ak stress exists for only a 


the peak stress 


If we compare, for example, a triangular and a 


small part of the cycle, whereas, in the latter case 


exists very nearly during the complete cycle. In the authors 
treatment the two cases would be considered the same; in thr 
that effect, the 


fatigue limit, both uniaxial and multiaxial 


absence of proof to however, thought cannot 


be dismissed that the 
yele during which the 


may be affected by the percentage of the ¢ 


peak stress is present As a parameter describing this condition 


the ratio of the area under the strain-time curve to the duration 
of a complete cycle may be suggested 

This 
practi al significance 
Whereas, the test 


some control over the str 


question, far from being academic, has considerabl 


in the fatigue testing of entire assemblies 


wrangement usually permits the exercise of 


iin-time relation in the testing of small 
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laboratory specimens, the fatigue testing of built-up units, such as 
of frames of vehicles, results in fatigue cycles of varying and 
nearly uncontrollable wave shape, which differ moreover from 
each other at various points in the structure. Therefore, doubts 
may be expressed as to whether results obtained with one type of 
wave form are applicable to other wave forms. It would be ex- 
tremely desirable to extend studies of this type to include a 
variety of wave forms, varying from the triangular, sinusoidal, 
trapezoidal, to the rectangular shape, while holding the maximum 
stress constant. If these influences could be determined, the 
setting of fatigue and endurance limits on the basis of a variety of 
wave forms would be greatly facilitated. 


AvuTuors’ CLOSURE 


The comments made by Professor Dolan and Mr. Fraenkel 
are well taken and appreciated. 
sary for the paper may be misinterpreted. 

The principal purpose of including the rotating-beam results 
was, as pointed out in the paper, to determine the degree of anisot- 


Answering comments are neces- 


ropy originally Having these results, however, it 
was deemed of interest to determine, in spite of the difference 


in types of stress cycles, if the well-known empirical relations 


present. 


connecting endurance limit, yield point (or ultimate strength), 
and the fatigue limit (where the mean stress of the cycle was not 
zero) gave reasonable results here. As mentioned in the paper, 
it was not the purpose to make a detailed study of this since 
sufficient tests were not made for this purpose. As stated: 
“It was possible, however, at least to indicate the probable 
relationship involved for this material.”” Thus, contrary to 
expectations, test results indicated good agreement with either 
the modified Goodman or the Gerber-type relations as discussed 
It is too early to generalize on this result, and while it is to be 
expected that the variable stress, the mean stress, the phase 
relationships, stress ratios, etc., are probably of greater signifi- 
cance than the shape of the stress cycle, the latter effect is 
unknown at present and can only be determined by further 
experimentation. The results are only “indicative” 
of this effect. 

However, since the value of o,, the fatigue limit under uniaxial 


present 


stress for the same ratio of mean stress to maximum stress for 
the cycle, was determined likewise in the tube-pulsation tests, 
as well as by the uniaxial reversed bending and the empirical 
relations, regardless of the future proof or disproof of the effect 
of type of stress cycle, the latter concern does not affect the main 
results of the paper, namely, to show the influence of combined 
stresses on fatigue failure. 

Some concern has been manifested that the results of the paper 
check so consistently in various instances with other well-estab- 
lished relations. Professor Dolan has listed various “factors” 
purportedly affecting the fatigue properties of the paper. It is 
to be noted that these either were held constant, were the varia- 
bles under study, or can be shown to be of small effect, in the 
various cases. As an example, “‘the initial mechanical properties 
of the meta) as controlled by composition, processing treatments, 
presence of inherent stresses etc.,” is of no importance here as a 


variable for it isa constant. The “state of stress’’ was the main 
variable under study and this affected the results as presented. 
Because this investigation was under pulsating stresses, the ratio 
of mean stress to the maximum stress was established for the 
Therefore this 


All tubular specimens experienced the same 


cycle for all stress ratios Of prin¢ ipal stresses 
was not a variable. 
frequency of stressing (880 cycles per min), and shape of stress 
evele, and the same rest period These are not variables here. 
All of the tubular specimens were of the same size with significant 
thousandths and had the same 


dimensions varying only a few 


surface finishing. Surface finish was not a variable here. 
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The “previous strain history” effect for specimens at the fatigue 
limit for all pulsating-tube tests was basically no different from 
that present in all combined-stress tests conducted statically. 
All specimens were subjected to the same type of pressure wave 
and, due to the different but constant ratios of principal stresses 
during any one test, the strain existing to fracture is naturally 
different. The strain history of each tube is irrevocably tied up 
with the stress ratio employed—but this is the variable under 
study! 

Professor Dolan has made a good point when comparing the 
tube tests with the uniaxial rotating-beam tests. It is of interest 
to consider some variables if one were to compare the tube tests 
with the uniaxial rotating beam. Mr. Dolan commented on the 
“over-all size of the member.’’ It is to be noted that great care 
was taken to machine the smal] rotating-beam specimens (Krouse 
and R. R. Moore fatigue specimens) at the same radial distance 
from the center of the bar as the average tube radius for the 
combined stress specimens. The ratio of the R. R. Mgore to the 
Krouse fatigue-specimen diameter is 2.50 and yet the endurance 
limits in the axia] direction as shown in Table 1 of the paper are 
almost identical. Indeed, the larger specimen had a slightly 
larger endurance limit than the smaller specimen, which is in 
exactly the opposite direction to that expected if a ‘‘size effect” 
The 
ratio of the bore radius of the tube specimens to the R. R. Moore 


were present for the material used (SAE 1020 annealed). 


specimen is 3.33, hence, from the foregoing observations, “‘the 
over-all size of the member” is not an important variable here 

Similarly, due to the precaution used in producing polishing 
scratches in both tube and beam specimens in directions which 
do not precipitate cracks, the “surface finishes’’ (both very fine 
are not variables here. 


“Geometrical shape”’ as a factor affecting the test results is not 
a variable, since the strain measurements determined the stress 
ratios reported, no notches were present, and both specimens 
(uniaxial and biaxial) had large, curve tapers as is conventional 
practice 

It is not correct to base conclusions upon the static yield 
stress (stress for low rateof loading ), because the magnitude of stress 
for first yielding is a function of rate of loading.‘ It is well known 
that yielding occurs as a progression of microscopic regions of 
plastic flow, due to unfavorable orientation or minute imperfec 
tions causing stress concentrations Thus the strain magnitud > 
depends upon the duration of stress, how many areas are yielding 
and rate of local yielding. Also, the rate of flow is a function, 
of applied stress. It should be noted that owing to the type of 
stress cycle, the test is closely allied to a repeated impact-fatigue 
test. 
higher than the dynamic yield stress (stress for high loading rate), 


Even though the peak of the sharp triangular pulse were 


the magnitude of yielding per cycle will be small, and the areas 
suffering plastic flow distributed randomly through the metal so 
that measurement with ordinary strain gages would be difficult. 

It should be observed that 
throughout which is the usual procedure 


the nominal stresses were used 
Because a common 
structural material PoOssesses a yield stress close to the endurance 
limit, it is not excluded from an experimental program of study. 
Since nominal stresses were used, the corrections as reported in 
the paper are valid by using the Lamé formula for different wall 
ratios than those used with the calibration tubes which were 
never stressed to yielding 

The criticism that it is “only by chance that the computed 

**The Effect of the Speed of Stretching and the Rate of Loading 
on the Yielding of Mild Steel," by E. A. Davis, JourNat or Ap- 
PLIED Mecuanics, Trans. ASME, vol. 60, 1938, p. A-137. 

‘ ‘High-Speed Tension Tests at Elevated Temperatures, Parts II 
and III,”’ by A. Nadai and M. J. Manjoine, JouRNaL or ApPLiep 
Mecnanics, Trans. ASME, vol. 63, 1941, p. A-91 





DISCUSSION 


values of pulsating fatigue strength from Equations [6] and [7 
of the paper, based upon the rotating-beam tests, gave values 
closely approximating that obtained from the tube samples” 
should be supported by experimental evidence. In the light of 
the previous remarks the results reported stand until test data 
refute them. 

There is complete agreement with Mr. Dolan that it would have 
been interesting to repeat the tests using sinusoidal stress cycles 
and to perform another series of tests on a high yield strength. 

Another reiterated Jest there be mis- 
interpretation. 


comment that must be 
Fig. 16 of the paper shows a comparison of the 
Under static conditions one would 
Fig. 16 uses the 
a “dynamic quantity” 


various strength theories. 
use the yield stress for a uniarial tension test. 
same mathematical formulations, but 
(the endurance limit under uniaxial conditions but same ratio 
of maximum to mean stress as for the various stress ratios) in 
the place of a static quantity! 

Recognizing Mr. Fraenkel’s kind discussion, the authors were 
aware that the endurance limit in pulsation probably would be 
different in the tangential direction from that in the longitudinal 
direction, but felt that in the absence of the result, no assumption 
should be made. 

One of the results of the experimental program has been to 
bring to light that very little work has been reported about the 
effect of the shape of the stress evele, as Mr. Fraenkel 


and fracture line 


learly 


indicates upon the endurance limit 


Relation of Experiments to 
Mathematical Theories 
of Plasticity’ 
Just prior to his remarks on “The Case 


Work-Hardening-Bauschinger Effect the 


“Tt is possible that in a limited region, e.g., the 


B. G, JounstTon.? 
Against 


author states 


Isotropic 


ites of stress sO 


tension-tension region for two-dimensional st 
tropic work-hardening will be a reasonable first approximation.” 
fesults of extensive tests* on plate steels used in pressure ¥ 


sels indicate that the foregoing may not be true, at least at the 


boundaries of this limited region. Fig. 1 of this discussion is 


Similar stress-strain curves were ob- 


ty pl il of these test results 
tained in the as-received condition both parallel with and trans- 
verse to the rolling direction. However, after tensile overstrain 
of 5 per cent, as shown in Fig. 1, a much greater strain-hardening 
has taken place parallel to the direction of overstrain than trans- 


verse to it Hence an appreciable degree of anisotropic work- 
hardening has developed between the bounding limits of the ten- 
sion-tension region 

Similar results were obtained for 10 per cent and for 1 per cent 
overstrain; in the latter case a lowering of the transverse vield- 


stress level occurred asin the B. iuschinger effect fc rcomplete rever- 
sal of strain direction. Tests made transverse to the direction of 
overstrain may be thought of as a 90-deg rotation of strain direc- 
tion whereas complete reversal is a 180-deg rotation. Correspond- 


a partial “Bauschinger effect” is obtained with a 90-deg 


ingly 
rotation, intermediate between no change and a complete re- 
vers f strain direction. If a material behaves as shown in Fig 
Drucker, published in the December, 1949, issue of the 
Appirep Mecuanics, Trans. ASME, vol.71, pp. 349-357 
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1 herewith, it is obvious that if a tensile strain of 5 per cent in a 
given direction is followed by a rotation of 90 deg in the direction 
of the principal stress, a considerable additional strain will be 
produced in the new direction if the stress magnitude is main- 
tained constant. This will be due to anisotropic work-hardening 
and will not prove or disprove any particular theory. 

As the author points out, additional tests are needed to estab- 
lish in what range isotropic work-hardening may be assumed as a 
reasonable first approximation for the incremental! theory. On 
the other hand 
cipal stress at a point do not change during flow 


“isotropic behavior,” when the directions of prin 
has more sup 
porting evidence, is more limited in applicati neverthe 
less, useful information regarding a material 


AuTHuor’s CLOSURE 


The data and analysis prese nted by Dr. Johnston show early 
that, 


However, an isotropic theory may still give fairly reasonable re 


as should be expected, work-hardening is not isotropic 
sults for a meandering loading path in the tension-tension quad 
rant such as drawn in Fig. 9 of the paper. If there is an abrupt 
00-deg change in the direction of the stress, as Dr. Johnston points 
out, a theory often will be required which takes into account 
anisotropy produced by plastie deformation. An introductory 


discussi f such the ries is contained in another paper.* 


Impact of a Mass on a Column’ 


R. PLunxert The writer has recently been working on the 


closely related problem of the vibration of nonuniform columns 


subjected to axial loads. Equation [5] of the paper shows that 
the relation between the axial load and the natural frequency 
squared is linear for the simply supported case, the frequency be- 
ing zero when the axial load reaches the Euler load. It may be 
shown that the relation is almost linear for the fixed-end case 
Thus it should be possible to extrapolate accurately to the actual 
elastic buckling load from a small number of experimental natu- 
ral frequency determinations at different axial loads, regardless 
of the end fixity of the column. It has recently come to the writ- 
er’s attention that this same procedure has been advocated in a 


Belgian volume.* 
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AuTHOR’s CLOSURE 


The observation of Dr. Plunkett is an interesting one and the 
author concurs with his opinion that it may have value for esti- 
mating the buckling load in the manner that he describes. 

The author also wishes to correct a numerical value occurring 
in the paper. Under Discussion of Results the stated increase of 
strain of 49 per cent caused by an axial load which is one half of 
the Euler critical load should read 17 per cent. 


° ° _ ° _ ° se 
Biaxial Tension-Tension Fatigue 
Strengths of Metals’ 

F. B. Scunerper.? The author refers to the accumulator A, 
Fig. 3, to maintain pressure, and to the gages H and L to meas- 
ure the maximum and minimum pressures. While this will work 
at static conditions and up to a certain minimum number of 
fluctuations, it is not pointed out that the accumulator and the 
gages tend to respond to the average pressure at 300 fluctuations 
per min instead of to the maximum or minimum pressure. From 
the description given it would seem possible that the pressures 
could exceed the static test limits without noticeable indication 
on the gages, and the amount of liquid could decrease without 
corrective action from the accumulator as long as the average 
pressure remained within these limits. Perhaps the remark of the 
author that it was necessary to apply the low rate of 300 fluctua- 
tions per min to eliminate possible errors also refers to these con- 
ditions. 

From Fig. 2 it appears that the connection (o the pressure gages 
is in the piping leading to the test specimen. This assumes that 
the remainder of the piping to the test specimen must be in per- 
fect order, since any leaks or air bubbles in this part of the piping 
would not register. Was there no possibility of air being trapped 
at the inlet connection to the test specimen even though the vent 
at the top of the specimen indicated no air? Why were the gages 
not connected to the specimen directly? 

Between the gage connection and the gages is a tee with a pipe 
leading upward to the valve M The vent on top of the test speci- 
men cannot show whether the pipe to valve M contains trapped 
air. While this condition will not prevent the operation of the 
valve M, it will impair the maximum and minimum pressure 
readings of the gages at higher fluctuations. In other words, the 
test specimen will not be subjected to the extreme pressures as 
adjusted at static conditions, but will be exposed to pressures 
closer to the average pressure 

Considering Fig. 5 of the paper, with its peculiar crossing of 
curves, it could be that at the test of R = 2.0, air bubbles were 
present. Has the author an explanation for the crossing of these 
Is it possible that at R = 1.0, a resonance condition 
The axial load is measured 
While this is cor- 


rect at static conditions, it is certain that the elastic system of the 


lever K will cause a time delay in the application of the load at the 


curves? 
shortens the life of the test specimen? 


at a point far removed from the test specimen 


test specimen. 

Since calculations have been made to ascertain the influence 
upon the value of the applied load of the error introduced by neg- 
lecting the inertia forces of the lever K, it would be interesting to 
know if similar calculations were made to check the influence of 
the elastic system of the lever K upon synchronism of the two 
principal loads. Synchronism has been adjusted statically only 
of the 
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Since the presence of air bubbles together with the elasticity of 
the piping in the hydraulic system and the elasticity of the lever K 
in the mechanical system tend to destroy the desired synchronism 
in the test specimen, it would be interesting to learn whether it 
has been checked at the test specimen by electric gages. As a 
matter of record, Equation [1] of the paper should read 

P p'd 
+ 


wdt 4t 


In the next paragraph of the paper, the ratios of the minimum to 
the maximum stresses, o,'’’/o,' and o2’'’/o2', were kept at about 
0.10 to 0.30. The letters G,, G,, E2, and C are not shown in Figs. 2 
and 3. The eccentric £, is not shown in Fig. 3, but in Fig. 2 

The results of such tests are valuable to the designing engineer 
They furnish him with the required data properly to design hy- 
draulic apparatus with simultaneous fluctuating axial loads and 
hydraulic pressures. They caution him especially to strengthen 
the designs of apparatus where the maximum longitudinal] stress 
is equal or one half the maximum circumferential stress. 


AUTHOR’s CLOSURE 


The author appreciates the comments made by Mr. Schneider 
There are possible errors in the value of stresses calculated and 
in the synchronism of the stresses as indicated by Mr. Schneider 
It has been assumed that with the rates of fluctuation used these 
errors are small. However, in a current project using the same 
testing machine, the biaxial dynamic strains will be measured on 
the specimen. In this way, the actual values of the stresses and 
the sy nchronism of these stresses will be determined, 


Determination of the Buckling 
Load for Columns of 


Variable Stiffness’ 


G. SONNEMANN.? The author points out a very good method by 
which problems of columns with variable stiffness can be solved 
It is rather unfortunate that he did not go into greater detail to 
point out some very enlightening facts 

If one rewrites Equation [7a] of the paper in the manner sug- 


gested by the author, one would obtain 


This is the standard form of the Rayleigh quotient to give the 
critical buckling load for any column, as long as the shear defor 
mation is negligible 

Similarly, if one rewrites Equation [74] as suggested by the 
thor, one obtains 
L 


ae 


Fy’ dx 
L 
; 


2/EI \dx 


f 
I 


This is the standard form suggested by Timoshenko to give a 
closer approximation of the critical load for any column with 
negligible shear deformation 


of the 
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DISCUSSION 


Thus one can think of the «4, we, us, ete., as the Rayleigh and 
Timoshenko quotients for the critical loads. 

The author also derives the inequality to establish the lower 
bound. Unfortunately, he did not make use of the vibrating- 
string or sound-wave analog; that is, for the hinged column, for 
example, one can consider a wave as shown in Fig. 1 herewith 


a 
ar 


L__r. 
} 2 
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Fic FUNDAMENTAL Mope or VIBRATION 


HARMONIC, 


Notice then that the critical frequency of vibration will be in- 


versely proportional to the wave length required or 


Hence 


The se and third would look as shown in Figs 
and 2(6 
With these illustrations it is possible to determine the buckling 


16 


ond harmon 


2a 


load to be inserted in the inequality , or for this specific case 


into tae inequality [5a] shown herewith, namely 


Per 


ted out that bis the lower bound on the “second buck- 


It is poin 


ling load This, according to the author, is the second harmonic 


which by inspeetion gives 


If the first 
F;, I 


ilso must, perforce, be symmetrical about the center 


However, the following fact has to be remembered 


assumed function F,, called the generating function, F, 


and so on 
The second harmonic does not meet this specification, so that the 


third harmonic must be the lower bound on the “second buckling 


econd harmoni 


ni 


Fic. 3) Wav 


A Lt 
2 ew 


Puiro HakMont 


and Brickley 


Also, the second har- 


for the symmetrical e: 


load 


that this is true 


Ase Temple point out 


by means 


the h« 


f an example 


monic cannot satisfy muindary condition of zero slope of cen- 


ter of column 
In general then, one could say that from the Euler critical-load 


imn, Say 


formulas, for the hinged col 


I 


> 
CR 


n must either be chosen as 0, 2, 4, - --- or 1, 3, 5, depending on 
the choice of the generating function F. If example 1 of the paper 


is reworked, namely, assuming the 3rd harmonic as the lower 


bound of the second buckling load, then 
9ETy x* 

11? 
n be 


and the lower bound would t! 


» rk] 
Por 1.830 


1.821 
This is a marked improvement of the author's result of 


1.814 


a, 


The juran built at one 
at the other 


b, ¢ 


irgument applies to the u 


Then the 


Same 


fre wave shapes are shown in Fig. 3 


, herewith 
us the 


the 


e set equal to the 


same generating 


third 


Here again, the first harmonic is 


function, hence, 6 must b harmonic, or in 


other words 
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Rayleigh's Principle 
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For « XAM pu 2 of the the same thing applies, name ly, b 


which in that 


paper 
should be for the third harmoni 


ise 1s 


. EI x? 
115.92 
L? 


Then the lower limit 
17.85 
L 

Again a definite improvement 

All in all it should be noted that the method does give excellent 
results within very close tolerances which are acceptable for engi- 
neering purposes 

It may 
the calculation of critical frequencies of rotating shafts. 


further be noted that this method is also appli 


AUTHOR 8S CLOSURE 


It is recognized that the method, presented in the subject 
gene 
eigenvalue problems whose equations meet certain requirements, 


paper, is a ral method which is equally applicable to all 
and the author wishes to thank Professor Sonnemann for bringing 
this to the reader's attention. However, in the interest of brev- 
ity and simplicity, the broad implications and further applica- 
tions of this method were omitted. 

The functions, H,, which were used to derive Inequality [16 
in the Appendix of the subject paper, were required only to satisfy 
It is noted that the 


second harmonic does satisfy these boundary conditions, as does 


the boundary conditions of Equation [2] 


any higher harmonic 

It is quite true, as Professor Sonnemann has pointed out, that 
any harmonic of higher order than the second will provide a 
Hence the third 
harmonic is a perfectly legitimate value for 6, provided that it is 


lower bound on the second buckling load. 


greater than the last computed Rayleigh quotient, u;, as pointed 


out in the line of text below Equation [32] of the subject paper 
Bending Vibration of a Rotating 
Blade Vibrating in the Plane 
of Rotation’ 


R. Piunxerr.? 
ler In practice 


The natural frequencies of a rotating propel- 
ire often estimated from the formula 


This is a modifica- 
Southwell.? However, 


where wis the nonrotating natural frequency 
tion of a formula originally suggested by 


1 


it should be realized that & depends not only upon the shape and 


physical characteristics of the blade, as it is often assumed, but 


also upon 2? as is shown by this paper. The author in oral discus- 


sion pointed out that numerical values of & in the plane seem to be 
This may 


which may 


shed 1 the Decer 


' 
ED MecHanics, 


one less than out of the plane easily be seen from 


Equation [1] of the original paper be rearranged 


read 
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For vibration out of th 
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Since all the other equations 1 and do not ir 


or 


ol this discussion 


or from Equation [1 


In step-l y-step calculations of this type, a great deal of inv« 
gation is needed of the optimum number of steps for good 1 
racy and of the proper allocation of mass and rigidity to the diff 


Houbolt and Anderson‘ show 


ie 
ent stations along the beam. 
method of using parabolic integration instead of linear for 

creased accuracy, and Duncan gives a method for ext: ipolating 


to an infinite number of steps. Many investigations, such as this 


very interesting one, are needed to find the best proc edures to use 
in this relatively new field of step-by-step calculation of continu- 


ous problems 


AvuTHOR’s CLOSURE 


Professor Plunkett’s comments and references are helpful, and 


his suggestions clarify a point in question. Before referring to 


his discussion regarding the values of k, some information might 


be added to that which was printed originally. 


The relationship between the values of & in the plane and *& out 


of the plane, in the « quation 


was very clearly shown in the data obtained from the example 


Specific ally, for the wedge-shaped lade taken as an example n 


the paper, when mounted on the smal! hub and rotating at 400 


radians per sec, the value of & for vibration in the plane was 0.66 
} 


and for vibration out of the plane & became 1.66. Similar 


when mounted on the large hub and rotating at 200 radians per 


sec, & 


in the plane was 4.5 and } of the plane became 5.5 


That is, 


When this relati hip noted by the 


ticipated), the 


wuthor (it w 
ittempt to deter 


whether it was a coincider te y pe of the blade 


lution was made for tl ‘ f ies of two rotating 


n the wedge-shaped 
frequencies were checked 


it the relation was ip- 


itionsh 


ip 

I 
the 

€ It might be pn 

per, for the bending 


vever, 


this equatio 





DISCUSSION 


may be compared with the corresponding equation for vibration 
yut of the plane. Again, it is shown that 


es L 9), 


The problems in selecting a suitable number of finite steps to 
consider in order to approxim’ te accuracy sufficiently and in ex- 


trapolating results to an infinite number of steps are indeed in 
teresting ones. The division of the blade used as an example in 
the paper was purely arbitrary and probably could be improved 
so as to approximate accuracy correspondingly, with less work, or 
more nearly to approximate accuracy with the same amount of 


work 
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Gas Turbines for Aircraft 


Gas Turpines ror Arncrart. By W. F. Godsey and L. A. Young. 
McGraw-Hill Book Company, New York, N. Y 1949. Cloth, 
6'/« X 9'/<in., 238 figs., 9 tables, charts, Appendix xii and 355 pp., 
$4.50 

REVIEWED By M. J. Zucrow’ 


HE authors have produced one of the most valuable con- 
tributions to the literature on gas-turbine-type engines to 
appear in The authors get into their subject 


quickly and have succeeded in a book of only 355 pages in pre- 


recent years. 
senting an authoritative discussion of the problems, characteris- 
tics, and analysis of gas-turbine-type engines and their com- 
ponents. In general, the approach is that of the practicing engi- 
neer rather than that of the teacher 

The practicing engineer will find a large amount of material in 
this book that he can put to direct use; a significant fraction of 
the material has not previously appeared in the unclassified 
literature. The teacher of engineering, particularly of senior 
students, will not find the book as fully meeting his needs. It 
lacks the slow, more fundamental, and theoretical approach re- 
quired in a text. But graduate students with some knowledge 
of the gas-turbine field should find the book a useful one. A 
criticism the reviewer feels justified in making is that the authors 
have not included a complete list of references to guide the in- 
terested reader who may desire more information on some of 
the topics and figures presented in the book. 

The book is subdivided into eleven chapters and an appendix. 

Chapter 1, Basic Aerodynamics of Aircraft. In 27 pages the 
authors discuss such topics as the properties of the atmosphere 
and the aerodynamic resistances of bodies to be propelled through 
the atmosphere, with and without compressibility. It would be 
difficult to do a better job in so few pages. 

Chapter 2 on aircraft propulsion presents the fundamentals of 
aircraft propulsion, briefly reviews the important characteristics 
of the propeller, and discusses the propulsive and over-all effi- 
ciencies of thermal jet engines. The authors also introduce the 


concept of expansion efficiency. The chapter is brief, only 13 


pages, but well presen ed The ave rage undergraduate will ex- 
perience difficulty with this chapter because of the rapidity with 
which it moves 

Chapter 3, entitled Gas Flows, covers 51 pages. The authors 


have done a remarkable job ol compressing &@ vast amount of ma- 


terial into a few pages. The practicing engineer will welcome 
useful practical charts and equations he 


diffuser, shock, and flow 


this because of the many 
can apply to the solution of duct, nozzle, 


with heat transfer problems. Few derivations of the equations 


origin 


are presented and the of some of the material is obscure 


Professor of Gas Turbines and Jet Propulsion, Schoo! of Mechani- 
cal Engineering, Purdue University, Lafayette, Ind. Mem. ASMI 


eviews 


The college student will have difficulty with this chapter, but its 
utilitarian value cannot be questioned. 

Chapter 4 deals with aircraft gas-turbine compressors. In 34 
pages the authors present the theory and general characteristics 
of both the radial and the axial-flow compressors. At the expense 
of omitting derivations, the authors have done an excellent job 
of presenting the fundamental relationships for compressors, the 
factors influencing their selection, and the current problems. 

Chapter 5 deals with fuels and burners and consists of 23 
pages. In this chapter the authors present the method developed 
in Research Memorandum No. 6-44, Bureau of Ships, U. 8 
Navy Department, for calculating enthalpy and temperature 
changes for combustion of hydrocarbon fuels in moist air. Some 
descriptive material is presented on types of burners and spray 
nozzles, with discussion of the merits of the different devices 
Combustion range and pressure losses due to combustion are also 
discussed. The treatment is primarily factual and a great dea! of 
valuable information is compressed into a few pages 

Chapter 6 treats turbines and their characteristics and com- 
To cover the subject matter adequately, the ap- 
The characteristics 
An excellent 
materials for turbine 


The effect of the 


variable-area exhaust nozzle is discussed briefly, and also super- 


prises 36 pages 
proach parallels that adopted in Chapter 4 
of impulse and reaction machines are presented 
blade and 


discussion of temperatures, 


blades, disks, and exhaust systems is included 


sonic exhaust nozzles 
Chapter 7, The Jet Nozzle 
factors affecting the flow of the exhaust gases through final ele- 


10 pages), is a discussion of the 


ment of the engine. The influence of tailpipe length and nozzle 
shape on thrust are described. The supersonic exhaust nozzle is 
discussed, and general considerations governing the design and 
material selection for exhaust systems are presented, 

Chapter 8 discusses gas-turbine cycles (61 pages) and Chapter 9 
17 pages The 


thorough but overly condensed even for one 


deals with variants of simple gas-turbine cycles 


treatment 1s quite 
well-versed in the subject 
Chapter 10 deals with aircraft gas-turbine accessories and con 


trols (15 pages The chapter is entirely descriptive. Starters 


fnel systems, controls, windmilling charac 


lubrication systems 


teristics, etc., are described. The references attached to some of 


the charts are incomplets ses lacking. It is a good 


chapter, nevertheless, : acks a lot of information in a short 
space 


Status of 


Gas Turbines for 
It contains a tabulation of 


tures otf 


jet-propelled aircraft are 


preset ted and problems associated with installing 


turbojet engines in alr are discussed, Curves are presented 


showing how the thrust per unit frontal area, specific fuel con 
snd engine specific weight have changed since 1942 and 
} 


their expected values by 1952 


sumption 
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The appendix consists mainly for the reproduction of thermo- 
dynamic charts and correction factor charts from the Bureau of 
Ships publication mentioned earlier 

In conclusion, it is the reviewer's opinion that this is an out- 
standing book and will be heartily weleomed by all practicing en- 
gineers interested in gas turbines. The book lacks, however, 
Prof. J. H 
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what Keenan terms the ‘“‘pedestrial quality” of a 


Introduction to Statistical Mechanics 
MecHANICS By Ronald W. Gurney 


New York, N. Y., 1949 Cloth 


Appendix, vii and 268 pp., 


INTRODUCTION TO STATISTICAI 
McGraw-Hill Book Company, In 
6'/, x 9! 


$5 


4 in., 59 figures, 17 tabies 


Reviewen BY Joun C. Frsuer? 


N intuitive feeling for the principles and methods of statisti- 


cal mechanics is of great value to anyone who wishes t« 
make use of them in his own field, and it is toward the develop- 
ment of such an intuitive feeling that Professor Gurney directs his 


book 


he leads gradually to the basic relationships of statistical me- 


Starting from familiar concepts of chance and probability 


chanics, and to the interrelationship of statistical mechanics and 
classical thermodynamics, in a Jess mathematical and perhaps 
more physically significant manner than other writers generally 
have employed. Readers whose interest is largely experimental 
rather than theoretical should find the treatment particularly 
satisfying. 

Metallurgists, in addition to physicists and chemists, will find 
the book of interest, for the treatment of solutions includes sub- 
jects such as solid solubility, order-disorder in crystals, and the 
influence of alloying upon the allotropic transformations in iron. 


The book is what it purports to be, an introductory volume 


for students unfamiliar with the field. It is quite readable, with 
a gratifying fraction of the exposition in the written text, rather 
than in the mathematics which is kept at an adequate minimum 
A few problems are included. 

The book's defects are Th 


greater if it were not necessary to refer so often to equations and 


not serious readability would be 


An error in Fig. 3 at the very begin- 


The 


probably 


figures in other chapters 


brief discussion allotted to 


ning of the book is disturbing 


many interesting topics very is unavoidable in an in- 


troductorv work of reasonable lengt! 
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Volume I, Statik starrer Kérpe Springer, Berlin /Géttingen 
Heidelberg, ( 1949 Paper, 6 > in., VI and 
pp., 194 illustration 5d 
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Rev ewep spy J. P. Den Hartroa 


rr . : 
HIS book is one of the first postwar publications of the well- 
known publisl ing house of Julius Springer, ind it ippears In 
it of the firm 


the same familiar prewar cover, except that the se 


which was Berlin before 1944 is now stated as Berlin 
Heidelberg. The 


and the binding are as ex¢ 


Gottingen 


quality of the printing, the figures, the paper, 


betore the war, whict 


World War I; all 


on paper of hewsprint 


ellent as they were 
Is in striking contrast with the situation alter 
books printed between 1919 and 1925 were 
quality 
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Technische Hochschule in Munich and this book is the first 
volume of a series of four following his regular course in mechanics 
The four volumes will deal with the subject matter of the four 
consecutive semesters in the freshman and sophomore years, as 
Vol. 1, Staties; Vol. 2, Strength of Materials; Vol. 3, 
and Vol. 4, Fluid Mechanics 


“avoids calculus as much as 


follows: 
Dynamics 
The present volume on statics 
possible’ because freshmen in Germany seem to be equally aller- 
gic to that as they are in the United States. However, numerous 
integral signs adorn the pages, and, in general, the course is more 
difficult and complete as is usual in this country. It covers the 
familiar subject matter, including funicular polygons, catenaries, 
trusses, and the method of virtual work It does Zo deeper than 
that in a discussion of the general method of resolving an arbi- 
trary force into its components along six arbitrary lines in space 
As is usual in European textbooks no problems are included 
The 
three volumes of the series apparently have not yet been pub- 


lished 


The text is clearly written and well presented remaining 


Centrifugal and Axial Flow Pumps 


CENTRIFUGAL AND Axtat Frow Pumps. By A. J. Stepanoff 

Wiley & Sons, Inc., New York, N. Y., 1948. Cloth 6  9ir 

428 pp., 310 figs., $7.50 
Reviewep sy A. I. Ponomarerr* 

HE rapid industrial expansion during the last two decades 

ind 


has brought about uses of centrifugal 


The ind 


chemical industries presented new mechanical and metallurgical 


new pra tices 


pumps introduction of these pumps into petroleum 


problems involved in handling viscous and corrosive liquids often 


at highly elevated temperatures. Pumping water near or at the 


boiling point by the boiler feed or condensate pumps in a steam- 
power plant involves problems of cavitation and adequate vapor 
The 


ntuates 


higher 
The 


sulted also in the development of a new pump of the propeller or 


venting current trend toward pump-operating 


speeds ace the existing problems same trend re- 


axial-flow type. The existence of these new problems, brought 


about by the rapid progress in the design and application of cen- 
trifugal pumps, revealed the short-comings and inadequacy of the 
Pfleiderer’s *‘ Die 


CLASSICA 
ind others publish ed 


| textbooks such as C Kreisel Pumpen, 
R. L 
(Tre 


Phe 


mentary 


Daugherty’s “Centrifugal Pumps, 


fifteen to twenty-five vears ago 
1 correlating the voluminous frag- 


task of collecting ar 


information from the more recent publications on the 
various phases of pump design and application, thus projecting 
the cl il pump theory into modern practice, 
by Dr Stepanoff For ‘ rs 


leading pump manutlacturers and a iuthor of many contributions 


iss] 


was accomplished 
1 pump designer for the 
to the technical literature on the pump design and the related sub- 
i task. Dr 


tribution to the 


jects, Dr. Stepanoff is well qualified for such 
off's book 
nical liter 

The 


draulic treatment of all pumps as one continuous series with the 


stepan- 


is both a timel rd we tech- 


ome cor 


ture 


outstandi 1aracteristic of the book is its unique hy- 


specific speed as an index number indicative of the type. This 


theoretical treatment is based on flow, identical 


i single pattern of 
reasoning, and similar procedure of impeller layout for centrifu- 
this, the 


185, which covers 


gal, mixed-flow, and axial-flow pumps As a result of 


iuthor evolves a simple diagram, Fig. 9.16, page 


design and nee features of pumps of all 


The 


essential 


pertorma 


specific co-ordinates of this diagram are well known 


speeds 


* Manage r Engineerit ivision, Westinghou 
roan 


ASMI 


trie Or 
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dimensionless head and capacity coefficients with the specific 
speeds and impeller discharge vane angles as parameters. It is to 
be expected that the construction of such a master diagram for a 
wide range of centrifugal, mixed-flow, and axial-flow pumps 
treated as one continuous series is based on certain limiting con- 
ditions. Among these, the most important is the author's ac- 
ceptance of the forced vortex flow as the only pattern of head 
generation for all types of pumps. To correlate the actual pump 
performance with the forced vortex pattern of head generations, 
the author introduces a new concept of pressure energy exchange 
by “conduction” which takes place without actual mixing of 
streamlines in a manner similar to heat conduction. 

The first chapters of the book are devoted to the classical 
theory of centrifugal pumps with its velocity diagrams and 
Euler’s equation for theoretical head. As an introduction, the 
author discusses some selected topics from hydraulics, such as 
Bernoulli's equation, flow and losses in closed channels, and flow 
of water in a circular path, i.e., vortex motion. The author em- 
phasizes the limitations of these fundamental laws of hydraulics 
when applied to flow in a revolving channel of a pump. Chapters 
devoted to pump design cover adequately such topics as impeller 
and casing design, hydraulic and mechanical losses, and the gen- 
eral characteristics of pump performance. In hydraulic treat- 
ment of all pumps, centrifugal, mixed-flow, and axial-flow, as one 
continuous and consistent series, the author assumes the forced 
vortex flow as the most efficient flow pattern and uses the mean 
effective impeller discharge diameter to represent the character- 
istics of all pumps in his master diagram. As the result of this 
treatment, the chapter on axial-flow pumps does not measure up 
to the high standard of the book asa whole. The recent develoo- 
ments of axial-flow compressors, for instance, indicate that some 
other flow patterns such as free vortex are at least equally efficient 
Some of 
the author’s illustrations, such as Fig. 8.3, page 146, showing the 


as the forced vortex pattern advocated by the author 


effect of number of impeller vanes on axial-flow pump efficiency is 
in conflict with the more recent findings. The last chapters of the 
book discuss special operating conditions, instability of head- 
capacity characteristics, and other problems encountered in the 
actual operation of pumps. Considerable attention is given to the 
design and operating features of hot-oil and boiler-feed pumps 

Dr. Stepanoff’s book is a well-arranged and illustrated book 
Each chapter of the book gives a very large number of references, 
most of which are selected from the recent publications. 

Pump designers, consultants, and advanced students in the 
field of hydraulics will find this book an indispensable reference for 


the solution of their daily problems 


The Extrapolation, Interpolation, 
and Smoothing of Stationary 
Time Series 


SMOOTHING OF Sta- 
APPLICATION. By 
The Massachusetts 
Sons, New York 
Appendix, $4 


EXTRAPOLATION, INTERPOLATION, AND 
TIONARY Time Series, Wrn ENGINEERING 
Norbert Wiener. The Technology Press of 

Institute of Technology and John Wiley and 
N. Y., 1949. Cloth, 6'/« X 9'/ain., ix and 163 pp., 


THe 


Reviewep BY Evcene W. Pike 


THIS book is another illustration of the fact that in science, 
the by -produc ts are often the most valuable results of a 
Nine years ago, Professor Wiener was asked to 


wartime problem: ‘How 


dev elopment 


solve an important but specifi can 


optimum properties for servomechanisms be formulated and 


Manufacturing Co., Waltham, Mass 


* Raytheor 


This book is his answer to that problem, written 
By stating his problem 
random 


specified?” 
in 1941, and only recently declassified 
mathematically in 
processes,® Professor Wiener not only made possible a general 


terms of ensembles of stationary 
solution of his original problem, but also won profound insights 
into the nature of communication, which have opened new 
horizons for research in fields as apparently unrelated as mental 
disease, chemical process control, economics, and the theory of 
information. These insights, presented more philosophically in 
his recent book ‘Cybernetics,’ appear in the “Time Series” 
only as casual asides, or as brief comments on the mathematics. 

Having stated the problem, Professor Wiener proceeds to de- 
fine “optimum properties” as those which minimize the mean- 
square error of response for the specified or expected conditions 
of operation the 
auto- and cross-correlation functions® of the various wanted and 
unwanted inputs, and by the required lead or lag in time between 


These combine to form an 


These conditions, in turn, are defined by 


the output and the input signals 
integral equation for the optimum frequency response, whose 
solution, by a tour de force of analysis, occupies four fifths of the 
book. 

Although the book is addressed to “the working communica- 
tion engineer and the working statistician,” only those with a 
complete command of the concepts and the conventions of Fourier 
transforms, complex variables, probability and measure theory, 
and advanced calculus will find this book easy reading. Others 
will probably find themselves (like this reviewer) slowed to a 
two-pages-a-day pace, as much by the unexplained conventions 
and the undefined symbols as by any difficulty in grasping the 
fundamental concepts. It is to be hoped that a second edition 
will permit a pedagogical editing, commensurate with the im- 
portance and difficulty of the theory, which circumstances for- 
bade in this first edition. 

Although Professor Wiener’s solution leads to explicit, general 
formulas covering every important case, actual engineering- 
design practice has usually made use of more or less ad hoc 
approximate solutions of the integral equations. Some of these 
methods are described in the appendixes, to this book, by Profes- 
sor Levinson, and others in James, Nichols, and Phillips’ “Servo- 
mechanisms,’’® but much of the information in this field is either 
oral or classified. 

The 


statistical 


the basically 


opportunities 


demonstration, by Professor Wiener, of 


nature of communication opens great 
to the statistician, the communication engineer, and the expositor 


alike 


reveal 


For the statistician, such operations as quality control 


themselves as servomechanisms, while the communica- 
tions designer can draw on the great body of work on inference 
from statistical series, which has already been accomplished by 


the mathematical economists and others, to solve some of those 


random process is a sequence of variable events, 
only whose 


* A stationary 


each one dependent statistically on its predecessors, 


average properties are the same everywhere along the 
The sequence of heads or tails resulting from repeated flipping of a 


births 


sequence 


coin is a stationary random sequence 80 is the sequence of 

marriages 
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York, N. Y., 1949 
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problems which are not readily set up in terms of correlation 


functions, 


The Mechanical Properties of Wood 


By Frederick F. Wan- 
Cloth, 


Tue Mecuanicat Prorerties or Woop 
gaard. John Wiley & Sons, Inc., New York, N. Y., 1950. 


5'/,; X 8'/<in., xii and 388 pp., illus., $6. 
Reviewep BY ALBert G. H. Dietz" 


"THE author has completely rewritten and reworked the book 
of the same title originally written by Dean George A. Gar- 
ratt of the Yale School of Forestry and first published in 1931. 
In the intervening years great progress has been made in the 
study of the mechanical properties of wood and a considerable 
volume of published material has appeared in many different 
technical publications. Professor Wangaard has sifted this 
material, added to it material of his own, and has organized the 
result into a logical, coherent discussion of the mechanical 
properties of wood and the methods employed to evaluate them. 
The book is divided into four parts dealing, respectively, with 
the stress-strain relationships of wood, the factors affecting 
mechanical properties, working stresses for structural lumber, 
and methods of timber testing 
The first part, dealing with stress-strain relationships, first 
develops the necessary elements of applied mechanics as applied 
to wood and assumes that some readers may not be acquainted 
with these elementary principles. It also briefly notes the ortho- 
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tropic nature of wood and presents extensive tables of the basic 
mechanical properties of the species found in the United States 
Types of failures under various stress conditions are described 
and analyzed. 

Part 2 deals with the various natura] and man-made causes 
which affect the mechanical properties of wood. This includes 
a careful account of such influences as defects including knots 
splits of various kinds, cross grain, fungi, cross breaks, compres- 
sion wood, pitch accumulations, seasoning injuries 
caused by animal organisms, frost, and wane; 
such as density, rate of growth, position in the tree, age, condi- 
tions of growth, microstructure, moisture content, preservative 
treatment, and duration of stress 

Part 3 develops the methods employed to determine working 
stresses for structural upon the 
original work of such men as T. R. C. 
bodied in the grading procedures of the producers of structural! 
lumber, starting with basic stresses for clear wood and proceeding 
It includes a short but 


defects, 


and other factors 


are based 
Wilson and today em- 


lumber. These 


to allowable stresses for actual timbers. 
welcome section on glued-laminated lumber 

Part 4 is largely an exposition of the methods of testing timber 
as originally developed largely at the U. 8. Forest Products 
Laboratory and embodied in the standard methods of the 
American Society for Testing Materials. This section can well 
be used as a manual for classes in timber testing 

Because the book is not intended for students of advanced 
wood technology as related to mechanical properties, it does not 
to develop the mathematical of orthotropu 


attempt theory 


materials; neither does it cover such topics as the theory of 
bending behavior nor the behavior of plywood under stress The 
exposition of the basic mechanical properties of wood is exceed- 


ingly well done 














